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Abstract

Large Language Models (LLMs) combined with the Retrieval-Augmented Generation (RAG)
framework are transforming consumer search and information consumption. Consumers increas-
ingly rely on LLM-based summaries (generated from multiple source documents in response
to search queries) instead of reading individual documents/sources. While this simplifies the
search and information retrieval process, there exists no established method to quantify the
contribution of each document to the overall quality of the LLM-summary, and compensate
document creators. In this paper, we first propose a theoretical solution to this problem based on
the Shapley value framework that is fair and transparent. While this framework is theoretically
appealing, it is practically infeasible since the computational costs of calculating Shapley values
grow exponentially with the number of documents. We therefore develop a novel Cluster Shapley
algorithm, that leverages embedding-based semantic similarity to cluster similar documents,
thereby reducing the number of LLM summarizations and evaluations while maintaining high
attribution accuracy. Our approach is particularly well-suited to LLM settings since LLMs
themselves can be used to obtain high-quality text embeddings. We apply our approach to a
large dataset consisting of Amazon reviews, where LLMs are used to summarize review content.
Using a series of numerical experiments, we show that our algorithm achieves up to a 40%
reduction in computation time compared to exact Shapley values, and outperforms other baseline
approximations like Monte Carlo sampling and Kernel SHAP in both efficiency and accuracy.
To our knowledge, this work is the first to propose an economic and computational framework
for document value attribution in LLM-summarization systems. Our approach is agnostic to the
exact LLM used, the summarization process used, and the evaluation procedure, which makes it
broadly applicable to a variety of summarization settings.
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1 Introduction

In recent years, digital transformation has fundamentally reshaped how people consume information, from

traditional print media to dynamic online platforms. Today, this evolution has entered a new phase with the

advent of Large Language Models (LLMs), which are revolutionizing information consumption through their

ability to generate contextual, summarized responses (Sharma et al., 2024). Major technology platforms

have integrated LLMs into their search infrastructure, such as OpenAI’s ChatGPT Search (OpenAI, 2024),

Microsoft’s Bing AI (Mehdi, 2023), and Google’s Grounding with Google Search (Reid, 2023), substantially

improving information accessibility and processing efficiency (Xiong et al., 2024).

This LLM-driven paradigm shift represents a structural change in information markets and search

behavior. First, compared to traditional search engines like Google that return a list of links, LLM-powered

search provides an interactive dialogue with synthesized answers, freeing users from the cognitive load of

manually navigating and aggregating information from multiple sources (OpenAI, 2024). Second, unlike

regular LLMs that rely solely on static training data, systems that augment LLMs with real-time retrieval and

source grounding can overcome key limitations such as hallucinations and outdated knowledge, ensuring that

answers are both current and accurate (Perplexity, 2024). The market has rapidly embraced this evolution, as

demonstrated by Perplexity AI’s growth to 15 million monthly active users and projected annual revenue of

$35 million—representing a 350% year-over-year increase (DemandSage, 2024a).

The impact of this transformation extends beyond web search. In e-commerce, for example, Amazon

has introduced an AI-powered tools to enhance product search and discovery. One such feature is an AI-

generated review summary on product pages review, see Figure 1 for an illustration with a wireless controller

product, which summarizes customer reviews to reduce information overload for consumers. Amazon has

also developed Rufus, a conversational shopping assistant that provides real-time, dialog-based product

recommendations (Schermerhorn, 2023; Mehta and Chilimbi, 2024). These applications leverage Retrieval-

Augmented Generation (RAG) architecture, a framework that integrates external information retrieval with

LLM-based generation to ensure that the AI’s responses are grounded in up-to-date, relevant content while

minimizing user search effort.

However, alongside these innovations come significant challenges for LLM-integrated search systems.

First, the operational costs of running LLM-based services at scale are extraordinarily high. Processing a

single user query via a state-of-the-art LLM (e.g., ChatGPT) can cost over 1,000 times more than a traditional

Google search (Will, 2023). This high cost creates an urgent need for sustainable revenue models, yet existing

subscription-based approaches have proven insufficient to cover these operational expenses (Smith, 2023).

Traditional search engines rely on advertising for monetization — content publishers are compensated for

user traffic through metrics like impressions (CPM) and clicks (CPC). Yet this model breaks down in an

LLM-based search paradigm where users receive answers directly on the platform without clicking through to

the original content. In response, search providers are beginning to experiment with alternative monetization

strategies: Perplexity AI has introduced brand-sponsored queries (Criddle, 2024), and Google is exploring

auction systems allowing the winning content to show up in LLM responses (Dubey et al., 2024; Hajiaghayi
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“AI-Generated 
from the text of 
customer reviews”

Figure 1: Amazon’s AI-generated customer review for a wireless controller product: The left image shows the wireless controller
product page on Amazon. The center image displays Amazon AI-generated comprehensive review of this product. Users can click
“Select to learn more” to focus on specific aspects of interest. The right image shows AI-generated summaries for the selected aspect,
displaying the source customer reviews with key information highlighted in bold.

et al., 2024).

Second, the effectiveness of RAG-based systems hinges on access to high-quality information sources,

but content providers are increasingly reluctant to provide documents to this new ecosystem. In the traditional

search model, publishers at least gain traffic (and advertising revenue) when users click their links. In

contrast, LLM-powered search delivers a synthesized answer directly in the search interface, allowing users

to obtain information without ever visiting the source websites. This shift threatens the revenue streams of

content creators and raises concerns about uncompensated use of their data. Indeed, several major publishers

have started to restrict or revoke AI access to their content, citing concerns that their contributions are

being undervalued and misused without fair compensation (Grynbaum and Mac, 2023). Even when content

providers do allow their data to be used by LLM platforms, attributing and rewarding each provider’s

contribution to a synthesized answer is non-trivial. The value that a particular document adds to the final

summary depends not just on its presence, but on qualitative factors like the relevance, uniqueness, and

reliability of the information it contains. This multi-faceted value contribution cannot be captured by simple

metrics (e.g., word count or presence/absence in the answer), and traditional frameworks (such as copyright

or link-based attribution) are ill-suited to ensure fair compensation in this context.

3

https://www.amazon.com/DualShock-Wireless-Controller-PlayStation-Black-4/dp/B01LWVX2RG/ref=sr_1_1dib=eyJ2IjoiMSJ9.kDKBY50a1BZ2_pYrrwzgF0hgwJNSMhMHDPrv4xRi9ahL7L9SUE8Az33CRClA_p-He7DARMOsDSRCCC1gCPcJ8nIllpg2b9oID4bmQS4-A-dnpenDWJK-1x87nRF2_h1C5ijNpAinsQrCcJKdUA_ZZ2j2W0nLZExErf2Kltm5KrZo8ui3zec5_D4lR6qS-F5CA0TYCcjLJ0j784-rWcSAiiuR0jS3g1RKIELnjOgeRaY.Jn5N6TpEcVe6bowmgfRdrVponsStEgpd7wAqpMiK0Ww&dib_tag=se&keywords=DualShock%2B4%2BWireless%2BController&qid=1735453668&sr=8-1&th=1


Addressing the challenge of equitable document valuation for document/content contributors in LLM-

generated answers is thus both an urgent and underexplored problem. In this paper, we propose a framework

for fair and transparent source attribution by leveraging Shapley values from cooperative game theory

(Shapley, 1953). Shapley values provide a principled way to distribute total value among multiple documents

by considering each document’s marginal impact on the outcome, such as the quality or usefulness of an

LLM-generated summary. Importantly, Shapley values ensure fair attribution through four key properties:

Efficiency (ensuring the total value is fully distributed), Symmetry (treating equally contributing documents

identically), Null Document (assigning zero value to non-contributing documents), and Linearity (ensuring

additive consistency across multiple evaluations). These properties uniquely determine the Shapley value,

making it an ideal framework for our application, see detailed discussion in §4.1. By computing Shapley

values, we can quantify exactly how much each document contributes to the overall answer while accounting

for complex interactions such as redundancy and overlapping information. To the best of our knowledge,

this work represents the first application of Shapley value attribution to explain document contributions in an

LLM-based summarization system.

However, a major hurdle in applying Shapley values to LLM outputs is the computational complexity.

Calculating exact Shapley values requires generating and evaluating the LLM’s summary output for every

possible subset of documents, which is computationally infeasible when the number of documents is large.

To reduce the computation cost without introducing large errors of Shapley value, many approximation

algorithms are proposed, such as Monte Carlo (Mann and Shapley, 1960), Truncated Monte Carlo (Ghorbani

and Zou, 2019), and Kernel SHAP (Lundberg and Lee, 2017). However, all those algorithms treat each

document independently and do not leverage the text information of documents.

To address this computation challenge, we propose an approximation algorithm, Cluster Shapley, which

effectively leverages textual information of documents to further reduce the computation. The idea behind

Cluster Shapley is intuitive. If two documents provide very similar information, including or excluding

one versus the other has nearly the same effect on the summary. Cluster Shapley exploits this by grouping

together similar documents (using embedding-based clustering) and treating each cluster as a single combined

document for the purposes of the Shapley calculation. This significantly reduces the number of document

combinations the LLM must summarize and evaluate. Another advantage of our algorithm is that it provides

flexibility in balancing speed and precision through the adjustable clustering ϵ hyperparameter. For tasks

requiring high precision, a smaller ϵ can be selected, while tasks prioritizing speed can utilize a larger ϵ.

We evaluate our approach on the Amazon product review dataset, a large-scale corpus spanning May

1996 to September 2023, containing over 571 million reviews across 33 product categories (Hou et al., 2024).

Beyond its extensive coverage of consumer opinions, this dataset closely aligns with real-world applications,

as Amazon’s AI-generated review summaries are built on the same repository. Since real user queries are not

publicly available, we construct a diverse set of 48 queries across different product categories to ensure a

representative evaluation.

To assess performance, we compare our Cluster Shapley algorithm against three widely used approx-
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imation methods: Monte Carlo, Truncated Monte Carlo, and Kernel SHAP. Our results show that Cluster

Shapley achieves substantial computational savings while maintaining comparable accuracy. Specifically,

our method requires only 20–40 unique permutations out of a total of 255 to reach a Mean Absolute Error

(MAE) of 0.20, whereas baseline methods—such as permutation sampling, Truncated Monte Carlo, and

Kernel SHAP—require at least 110 permutations to achieve the same accuracy level. When choosing a

smaller clustering parameter ϵ = 0.20, a higher accuracy can be achieved (MAE of 0.0913 and MAPE of

11.85%), while the computation time can still be reduced by 40%. This significant improvement in efficiency

establishes Cluster Shapley as a practical solution for large-scale Shapley value computation in LLM-based

systems.

In summary, our paper makes two key contributions. First, we address the critical yet underexplored

challenge of document valuation in LLM-generated summaries. By leveraging Shapley values, we propose a

framework for fair and transparent document attribution, marking the first study, to the best of our knowledge,

that applies this concept to LLM-based search systems. Second, we introduce the Cluster Shapley algorithm,

which enhances the efficiency of Shapley value computation by leveraging semantic similarity among

documents. This method significantly reduces computational costs while preserving attribution accuracy,

making it well-suited for large-scale LLM-driven applications that summarize documents.

2 Related Literature

Our work intersects with several strands of literature. First, a substantial body of prior research has shown

that online reviews can have a significant impact on sales and consumer behavior; see the seminal paper by

Chevalier and Mayzlin (2006) and the review of this research stream by Seiler et al. (2018). While these

studies primarily focus on the valence of reviews, our work extends this literature by examining how to

attribute value when reviews are synthesized and summarized by LLMs.

Second, our work builds upon advances in RAG framework for text summarization. Text summarization

has evolved from traditional extractive methods like TextRank (Mihalcea and Tarau, 2004) to more sophis-

ticated abstractive approaches powered by LLMs. RAG frameworks (Lewis et al., 2020), which combine

information retrieval with LLM generation, have shown significant improvements in factual accuracy and

information currency (Gao et al., 2023; Jiang et al., 2023). Recent developments include GraphRAG (Edge

et al., 2024), which enhances retrieval performance using graph-based representations. While summarization

technologies continue to evolve rapidly, our work addresses the fundamental challenge of document valuation

that persists across summarization approaches. The document valuation framework we develop in §6.2 is

designed to be agnostic to specific summarization techniques, ensuring its applicability even as LLM and

RAG technologies advance.

Finally, our methodology builds on the game-theoretic concept of Shapley values (Shapley, 1953), which

has gained significant traction in machine learning for quantifying feature importance (Lundberg and Lee,

2017) and data valuation (Jia et al., 2019; Ghorbani and Zou, 2019). While prior studies have applied

Shapley values primarily to supervised learning tasks and feature attribution, our work represents, to our

knowledge, the first application of Shapley values to document valuation in LLM-based summarization
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systems. Additionally, our proposed Cluster Shapley algorithm addresses the computational complexity

challenges inherent in Shapley approximation methods (Mann and Shapley, 1960; Ghorbani and Zou, 2019).

Alternative approaches, such as leave-one-out (Cook, 1977) and the influence function approach (Barshan

et al., 2020; Han et al., 2020; Guo et al., 2020), have also been explored for valuation. However, these

methods often struggle in scenarios where multiple similar reviews exist, as they tend to assign nearly zero

value to all redundant reviews. This limitation arises because the LLM summarization’s effectiveness does

not significantly improve with duplicated content, making such methods unsuitable for capturing nuanced

contributions in document valuation. By contrast, our Cluster Shapley algorithm explicitly accounts for

semantic similarity, ensuring a fair and computationally efficient valuation framework for LLM-generated

summaries.

3 Problem Definition

We define the problem from the perspective of a platform that has access to D original documents generated

by different producers. We do not make any distributional assumptions on D. These documents are not

necessarily i.i.d and may contain overlapping information and vary in the quantity and quality of content.

Users arrive at the platform and query for some information from the platform using queries q, drawn from

a distribution g(q). The platform generates a response to each query q based on the D documents using

an LLM-based summarization model A(q,D). We can view A(q,D) as a black box that takes a dataset

D of any size between 0 and∞ to generate a summary in response to query q. Note that in practice, the

platform can choose to only use a subset of documents (Sq ⊆ D) that are most relevant to the query for the

summarization process; that is, we allow for cases where all documents are not relevant to all queries. In

such cases, the summarization process is denoted by A(q, Sq)

The quality or performance of a summarization is denoted by v(q, A(q, Sq)). Intuitively, this score

captures the extent to which the user finds the summary useful or valuable. The performance score v can

be treated as a black-box oracle that takes the query and summary as input and returns a score. In practice,

v(q, A(q, Sq) can be obtained in a multitude of ways. It could be actual scores collected from user surveys on

how helpful they find a given summary to be (e.g., rating of helpfulness, fraction of upvotes). Alternatively, it

could be helpfulness scores based on an LLM model, where an independent LLM agent does the scoring

instead of human agents. This can be a viable option in settings where collecting user responses is costly

and/or slow; indeed, recent research has shown that LLM ratings tend to align with user ratings in many

situations (Kang et al., 2023). It could also represent implicit helpfulness scores based on user behavior,

which are commonly used in the information retrieval and search literature to measure the relevance of a

given document/link, e.g., whether the user clicked on the summary, the time spent reading the summary (Liu

et al., 2009; Yoganarasimhan, 2020).

The platform’s goal is to derive an equitable valuation for each document i ∈ D. In our setting, summa-

rization and evaluation are fully under the platform’s control, which guarantees the valuation is incentive-

compatible as content providers cannot manipulate these processes. Let ϕi(D, q,A(q, Sq), v(q, A(q, Sq) ∈
R denote the value of document i in dataset D, for query q, given summarization A(q, Sq) and score
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v(q, A(q, Sq). Then, we can write the value of each document i over all the queries as:

ρi (D,A(·), v(·), g(·)) =
∫
ϕi (D, q,A(q, Sq), v(q, A(q, Sq)) g(q)dq, (1)

where the value of each document i for a given query q is integrated over the distribution of queries g(q).

Note that this characterization has two advantages. First, documents that are irrelevant to a query q and

therefore not used in the summarization response can be automatically assigned zero value, i.e., ϕi = 0

if i /∈ Sq. Second, it allows us to weigh the relative importance of a document within a query with the

prevalence of the query itself. For example, one document i may be critical to generate a high-quality

summary for a niche query q1, whereas another document (i′) may be somewhat useful for a very popular

query (q2). In such cases, while document i should be valued highly for the query q1, the overall value of the

document for the platform shouldn’t be very high since the query itself is rare. In contrast, while document i′

is only marginally important for query q2, the popularity of query q2 can imply a high platform-level value

for this document.

Our goal is to develop a document valuation approach that satisfies two properties:

• Summarization Procedure Agnostic: The approach should be agnostic to the specifics of the summa-

rization process, A(·), used by the platform. While we present a standard RAG implementation in §6.2,

numerous alternatives exist—from simpler methods to more sophisticated frameworks like TextRank and

GraphRAG (Mihalcea and Tarau, 2004; Edge et al., 2024). As LLM technologies rapidly evolve, our

document valuation framework is designed to remain effective regardless of underlying summarization

advancements, ensuring broad applicability across current and future implementations.

• Evaluation Process Agnostic: The approach should apply to any scoring method (v(·)). As discussed

earlier, many explicit and implicit approaches for scoring summaries exist. Different business use cases

may have access to different evaluation approaches. For example, search engines (e.g., Perplexity or

Google) usually only have implicit feedback/evaluation, whereas question-answering websites or review

aggregators may have more explicit feedback on the helpfulness of reviews. We would like our algorithm

to be agnostic to the exact approach used. In our empirical context, we use a prompt-based LLM approach

for evaluation; see §6.3

In sum, our goal is to develop a solution concept that is agnostic to the details of the generative summarization

model used (A) and the scoring procedure (v(·)), and is broadly applicable across a variety of domains and

business applications of LLM summaries.

4 Solution Concept: Shapley Framework for Document Valuation

This section presents a principled framework for addressing the problem of document valuation in LLM

summaries, as introduced in §3. We begin in §4.1 by introducing the Shapley value, a game-theory concept

for assigning value to individual documents in cooperative settings, and explain its relevance to our con-

text. While theoretically appealing, computing exact Shapley values is not practically applicable in most

settings (including ours). To address this, §4.2 introduces an efficient approximation algorithm—Cluster
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Shapley—which leverages LLM-generated similarity embeddings to reduce the computational burden. We

analyze the theoretical properties of this algorithm in §4.3, providing guarantees on approximation error and

computation complexity. All implementation details are provided in §6.

4.1 Shapley Value

We now introduce the Shapley value formula along with a concise, self-contained explanation of the

framework. Based on §3, recall that our goal is to find a document valuation function ρi (D,A(·), v(·), g(·)) ∈
R to quantify the value of document i in set D. To obtain this valuation, we need to first accurately estimate

the query-level document valuation function ϕi (D, q,A(q, Sq), v(q, A(q, Sq)). Henceforth, we denote this

value function as ϕi(q) because the retrieval process Sq, the LLM-based summarization process A(q, Sq),

and the performance score function v(q, A(q, Sq)) are all uniquely defined by q.

Following the standard Shapley literature, we now adapt and present the four properties of ϕi(q) within

the context of our LLM-summarization problem to guarantee equitable document valuation:

1. Efficiency. Efficiency ensures that the total value generated by the summarized document is fully

distributed among the documents, with no surplus or deficit. Mathematically, this is represented as:∑
i∈D

ϕi(q) = v(q,A(q,D)). (2)

If the efficiency property is not enforced, the value function ϕ is only determined up to a proportional

constant (see Proposition 2.1 in Ghorbani and Zou (2019)).

2. Symmetry. Symmetry ensures that documents with equal contributions are valued equitably. That is,

two documents i and j have the same valuation if they contribute equally to every possible coalition.

Formally:

ϕi(q) = ϕj(q), if v(q, A(q, S ∪ {i})) = v(q, A(q, S ∪ {j})) ∀ S ⊆ D \ {i, j}. (3)

3. Null Document. A null document implies that if a document provides no marginal value to any subset

of reviews, its value is zero. Formally, a document i in a query q is called null if v(q, A(q, S ∪ {i})) =
v(q, A(q, S)) for subsets S ⊆ D \ {i}. If document i for query q is null, then the value ϕi(q) = 0.

In our setting, any document i not used in the summarization process for query q has zero value for

that query. That is, ϕi(q) = 0, if i /∈ Sq.

4. Linearity. The values of document i under two separate queries q1 and q2, sum up to its value when

evaluated using a performance score function that combines the individual performance score functions.

Formally:

ϕi(q1 + q2) = ϕi(q1) + ϕi(q2), (4)

where q1 + q2 represents a combination of two queries, and the performance score function for this
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combined query is naturally defined as v(q1, A(q1, S)) + v(q2, A(q2, S)), reflecting the aggregate

contributions of q1 and q2.

Note that the combination of two queries q1 + q2 does not imply that the two queries are merged into a

single new query. Instead, it represents a setting where there are two distinct queries being processed

(this definition naturally extends to any finite number of queries, not just two). For example, consider

two queries: one on quality (q1) and another on price (q2). The value of document i under the quality

query is denoted by ϕi(q1), calculated using the performance score function v(q1, A(q1, S)). Similarly,

ϕi(q2) represents the value of document i under the price query, based on the performance score

function v(q2, A(q2, S)). The linearity property asserts that if we sum the values obtained from these

separate queries, i.e., ϕi(q1) + ϕi(q2), the result is equivalent to the value of document i calculated

under a new, combined performance score function v(q1, A(q1, S)) + v(q2, A(q2, S)). This combined

value is ϕi(q1 + q2).

In practice, platforms often process a large number of queries rather than single queries in isolation.

A document’s overall value on such a platform should be defined using the performance score ag-

gregated across all queries. For instance, the aggregated performance score could be expressed as,

v(q1, A(q1, S)) + v(q2, A(q2, S)) + · · ·+ v(qn, A(qn, S)), where q is drawn from the distribution of

queries g(q). This approach is natural because queries typically arrive sequentially and are processed

independently. The linearity property ensures that under our document value framework, it is sufficient

to calculate the value at the query level and then sum them up to represent the total value across all

queries on the platform accurately.

Linearity also has important practical implications in our LLM setting since it provides a natural

mapping between query-level revenues generated from a platform’s consumers/users and batch-level

licensing/subscription fees that the platform needs to pay to content providers. For instance, subscription

revenues from services like OpenAI’s ChatGPT or Perplexity AI are typically generated in batches

(e.g., monthly) rather than per query. Platforms can leverage this property to distribute revenue

proportionally among document providers based on their aggregated contributions across all queries.

For example, subscription revenue can be calculated by summing up document values over a period

(e.g., a month) and allocating subscription fees proportionally to document providers. Additionally,

query-level revenues, such as ChatGPT’s per-query API charges or query-level advertising revenue,

can still be calculated directly at the query level. Thus, from the platform’s perspective, this property

While other desirable properties are worth discussing, these four – Efficiency, Symmetry, Null Document,

and Linearity – uniquely determine the document value function ϕ(q), Shapley value (Shapley, 1953); and

no additional conditions are necessary.1 This is a foundational result in cooperative game theory. We refer

interested readers to Shapley’s seminal paper for a formal proof, and henceforth only focus on how these

properties apply to our context and their importance in our setting.
1These four properties (axioms) are independent of any specific summarization (A) or evaluation (v), which are laid out in our
problem definition. These properties originate from Shapley’s work on cooperative game theory (Shapley, 1953).
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Under the above four properties, the Shapley value ϕi(q) for a document i ∈ Sq ⊆ D is uniquely

expressed as the expected marginal contribution of document i across all possible coalitions:

ϕi(q) =
1

|Sq|
∑

S⊆Sq\{i}

v(q, A(q, S ∪ {i}))− v(q, A(q, S))(|Sq |−1
|S|

) . (5)

This can be stated equivalently as:

ϕi(q) =
1

|Sq|!
∑

π∈Π(Sq)

[v(q, A(q, P π
i ∪ {i}))− v(q, A(q, P π

i ))] , (6)

where π ∈ Π(Sq) is a permutation of Sq, and P π
i is the set of documents which precede document i in the

permutation π.

Recall that for i /∈ Sq, the Shapley value of i is ϕi(q) = 0 because only documents in Sq are used for

summarization. Documents outside Sq have no contribution to the query and thus receive a Shapley value of

zero. The Shapley value formula can also be written based on the original document set D as:

ϕi(q) =
1

|D|
∑

S⊆D\{i}

v(q, A(q, S ∪ {i}))− v(q,A(q, S))(|D|−1
|S|

) . (7)

However, many of these evaluation score calculations are redundant since any document outside Sq does not

increase the performance score. In fact, this formula defined on D is equivalent to the formula defined only on

Sq in Equation (5). The equivalence follows directly from the permutation-based definition in Equation (6),

as all permutations of D \ Sq do not affect the performance score.

4.2 Approximating Shapley Value: Cluster Shapley Approach

Computational Challenge: While Shapley valuation is a theoretically appealing construct, evaluating

Shapley values for source attribution presents a significant computational challenge even in moderate-sized

settings. The computational cost associated with Shapley calculation exhibits exponential complexity – if we

have Sq relevant documents for query q, the number of both summarization and evaluations scales needed to

calculate Shapley values scale as 2|Sq |− 1, where |Sq| is the number of relevant documents This rapid growth

in the number of calculations makes exact Shapley computation infeasible for large datasets, as the number

of summarizations and evaluations quickly becomes overwhelming. Essentially, for each combination of

documents, we need the LLM to generate a new summary and then perform an evaluation of that summary.

While parallelization and batch processing can reduce latency, the overall computational burden remains

substantial. As discussed in a later section §6.4, even for a query with eight relevant documents, exact Shapley

computation involves processing 255 subsets, leading to significant API costs and delays in LLM-settings.

These constraints suggest that exact Shapley methods in large-scale applications (e.g., document valuation

for large platforms using LLMs) are infeasible and we therefore need efficient approximation algorithms.

Researchers have proposed a number of algorithms designed to address the computational challenge
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associated with Shapley calculations. These approaches typically adopt a variety of sampling techniques to

reduce the computational cost associated with Shapley calculation. One widely used method is Monte Carlo

algorithm (Mann and Shapley, 1960), which estimates Shapley values by randomly sampling permutations

and computing marginal contributions across these samples. While this approach reduces computational

cost compared to exact Shapley, it still requires a large number of samples to achieve reasonable accuracy.

Truncated Monte Carlo (Ghorbani and Zou, 2019) improves efficiency by stopping the calculation early when

additional samples provide diminishing returns below a threshold, significantly cutting down computational

overhead. Another popular approach, Kernel SHAP (Lundberg and Lee, 2017), employs a regression-based

approximation to estimate Shapley values. However, none of these approaches leverage the textual content of

documents when approximating Shapley values, treating them purely as independent units.

Key Idea: Motivated by this limitation, we propose a novel Cluster Shapley algorithm that integrates

semantic information from text embeddings to improve efficiency while preserving accuracy. Instead of

treating documents as independent, our method utilizes LLM-generated embeddings to identify and group

similar documents, reducing redundant evaluations. The core idea is intuitive: documents with similar content

should have comparable contributions to the final summary and, therefore, should receive similar Shapley

values. The key strength of our approach is that it leverages the textual content of the documents and the

LLM’s numerical representation of this textual content (i.e., text embedding) to help approximate and simplify

Shapley calculations.

Text embedding techniques convert large chunks of text—such as sentences, paragraphs, or docu-

ments—into numerical vectors that capture semantic information. Earlier embedding methods, such as

Word2Vec (Mikolov et al., 2013) and GloVe (Pennington et al., 2014), are based on shallow neural networks

and co-occurrence statistics, learning word-level embeddings by predicting surrounding context words or

factorizing word co-occurrence matrices. These embeddings typically represent each word with a fixed vector,

independent of context. In contrast, modern LLM-based embeddings, such as those produced by OpenAI’s

latest text-embedding models, are generated using Transformer-based architectures and are pretrained on mas-

sive text corpora via next-token prediction objectives. These newer embeddings are contextualized—meaning

the vector for a word or sentence depends on its surrounding context—and are typically high-dimensional (e.g.,

3072 dimensions in OpenAI’s text-embedding-3-large model). Unlike generative LLMs designed

for tasks like chat or text generation, embedding models are optimized to produce semantically meaningful

representations suitable for a wide range of downstream tasks. LLM-based embedding vectors have been

successfully applied to a wide variety of discriminative tasks, including text classification, document retrieval,

sentiment analysis, and predicting the attractiveness of news headlines (Patil et al., 2023; Ye et al., 2025). In

our setting, we leverage these embeddings to cluster similar documents before computing Shapley values,

allowing us to reduce redundant calculations.

Our Approach: We outline our proposed Cluster Shapley Algorithm in Algorithm 1. Cluster Shapley begins

with a preprocessing step, where for a given query q, we first determine the set of relevant documents Sq ⊆ D.

This retrieval step ensures that only contextually relevant documents are considered; e.g., if the query pertains
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to political news, unrelated sports articles will be excluded from summarization. In §6.2, we discuss the

retrieval and summarization steps, and related literature in further detail. For each document i ∈ Sq, we

also obtain its embedding vector ei, using an LLM embedding model. This step can be performed using

proprietary models like OpenAI and Gemini or open-source alternatives such as Llama/Alpaca.

Because similar documents tend to have similar embeddings, we can use the text-embeddings to cluster

the documents into similar groups. Specifically, after getting the embeddings, we cluster the embeddings

of Sq based on their distance, as outlined in Step 1. To achieve this, we first need to quantify the similarity

between any two documents i and j in Sq. We employ cosine similarity, a widely used metric for measuring

the closeness of embeddings, for this purpose. Cosine similarity is defined as:

cosine similarity(ei, ej) =
ei · ej
∥ei∥∥ej∥

. (8)

This metric measures the cosine of the angle between two vectors in an inner product space, capturing how

similar their directional components are. Higher cosine similarity values indicate greater textual similarity,

meaning the embeddings of semantically similar documents are more aligned.

To facilitate clustering, we define a corresponding distance measure, d(ei, ej), which is bounded within

the range [0, 1], given by:

d(ei, ej) = 1− cosine similarity(ei, ej) = 1− ei · ej
∥ei∥∥ej∥

. (9)

This definition ensures that similar documents, which have high cosine similarity, are assigned a smaller

distance value. Consequently, documents with lower distance values are more likely to be grouped together

in the clustering process, allowing us to reduce redundancy and improve computational efficiency in Shapley

value estimation.

Algorithm 1 Cluster Shapley Algorithm

1: Step 0: Inputs and Preprocessing.
Given a query q, retrieve the set of relevant documents Sq.
For each document i ∈ Sq, obtain its embedding vector ei.
Choose a clustering diameter (similarity threshold) ϵ > 0 as a hyperparameter.

2: Step 1: Document Clustering.
Cluster the documents in Sq into groups {G1, G2, . . . , Gm} such that for any i, j ∈ Gk, k ∈ [m] :=

{1, 2, . . . ,m}, we have d(ei, ej) ≤ ϵ. Each cluster Gk is a group of similar documents.
3: Step 2: Cluster-level Shapley Value Computation.

Define a cluster-level value function vG(T ) := v
(⋃

Gk∈T Gk

)
for T ⊆ {G1, . . . , Gm}.

Compute the Shapley value ϕ̂Gk
for each cluster Gk based on vG .

4: Step 3: Document-level Value Allocation.
For each document i ∈ Gk, ∀k ∈ [m], assign the approximated Shapley value: ϕ̂i =

ϕ̂Gk
|Gk| .
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4.2.1 Step 1: Document Clustering

We now discuss the document clustering step (Step 1). First, note that this step is agnostic to a specific

clustering algorithm. The goal is to partition the documents into non-overlapping clusters, i.e., D =
⋃m

k=1Gi

with Gi ∩ Gj = ∅ for i ̸= j. One can employ some off-the-shelf clustering algorithms in Step 1, such as

K-Means (Lloyd, 1982) or Density-Based Spatial Clustering of Applications with Noise (DBSCAN) (Ester

et al., 1996).

However, standard clustering algorithms do not always enforce uniform intra-cluster proximity—that

is, they may allow pairs of documents within the same cluster to be arbitrarily far apart, particularly in the

presence of high-dimensional noise or uneven density. This flexibility, while useful in noisy settings, is

problematic for our purpose: the theoretical performance of the Cluster Shapley algorithm relies on a Lipschitz

continuity assumption (Assumption 1), which bounds the Shapley value differences between documents by

their embedding distance. Without bounding the pairwise distance within each cluster, we cannot guarantee

that documents in the same cluster will have similar Shapley values—violating the condition needed to

ensure our approximation guarantees hold. Thus, unlike the standard clustering algorithm, we impose a

constraint that documents within the same cluster should be strictly close to each other, with a distance less

than ϵ; that is, if i, j ∈ Gk, then d(ei, ej) ≤ ϵ. We also find that this constraint can improve the empirical

performance of the Cluster Shapley algorithm; see more details in Web Appendix E.4. Intuitively, a smaller ϵ

results in more clusters (larger m), leading to a more accurate Shapley estimation at the cost of increased

computation. In the extreme case, we can set ϵ to be the smallest distance between any pair of documents,

ϵ < mini,j∈Sq ,i ̸=j d(ei, ej), which yields clusters where each cluster contains only one document. In this

case, our proposed algorithm reduces to the exact Shapley calculation. Therefore, tuning ϵ appropriately is

essential, as it balances the trade-off between computational efficiency and the approximation error induced

by clustering. We formalize this statement in §4.3.

To achieve this clustering goal, we propose Algorithm 2, which is essentially an adaptive version of the

DBSCAN algorithm. The main advantage of DBSCAN is that it is non-parametric and clusters documents

based on density rather than requiring parameters like the number of clusters (as in algorithms such as

K-Means). This makes DBSCAN particularly suitable for our task, where the number of clusters is not

predetermined. Specifically, the standard DBSCAN operates through a density-based clustering mechanism,

utilizing two key hyperparameters: the neighborhood radius ϵ′ and MinPts (minimum points required to

form a dense region). The algorithm identifies core points as those having at least MinPts points within

their ϵ′-neighborhood, and constructs clusters through density-reachability—a property where points are

connected through a chain of core points. Points that fall within the ϵ-neighborhood of a core point but do not

qualify as core points themselves are classified as border points, while points that fulfill neither criterion are

designated as noise.

However, it is important to note that standard DBSCAN does not guarantee that any two documents

within the same cluster have strictly smaller distances than ϵ′. Because DBSCAN forms clusters based on

local density connectivity rather than enforcing global distance constraints. Consider three points p1, p2, and
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p3: if d(p1, p2) ≤ ϵ′ and d(p2, p3) ≤ ϵ′, DBSCAN will assign all three points to the same cluster through

density-reachability, even if d(p1, p3) > ϵ′. This transitive clustering property, while effective for many

applications, can result in clusters where some point pairs exceed the specified ϵ′ threshold. This limitation

necessitates modifications to the standard DBSCAN algorithm to enforce stricter distance constraints for

accurate Shapley value estimation in our context.

In our proposed Algorithm 2, we calculate the distance matrix using embeddings and the predefined

distance function d, inputting this matrix into the DBSCAN algorithm. Second, we set the minimum number

of points per cluster (a DBSCAN hyperparameter) to 1, ensuring individual reviews are not excluded as noise.

However, standard DBSCAN does not guarantee that all documents within a cluster are within ϵ, nor does it

ensure clusters are sufficiently separated. Therefore, after initial clustering with a preset ϵ′ ← ϵ, we verify

if all documents in the same cluster have distances smaller than ϵ. If a condition is violated, we iteratively

reduce ϵ′ by a factor of 0.95, i.e., ϵ′ ← 0.95ϵ′, and rerun DBSCAN until the constraint is met.

Algorithm 2 Iterative Distance-Constrained DBSCAN

1: Input: Distance matrix M with Mij = d(ei, ej). Hyperparameters: ϵ, MinPts = 1, scaling factor
α = 0.95

2: Initialize ϵ′ ← ϵ ▷ Start with the original ϵ
3: while true do ▷ Iterate until all clusters satisfy the distance constraint
4: Run the standard DBSCAN:

• For each document i: find ϵ′-neighborhood Nϵ′(i) = {j :Mij ≤ ϵ′}.
• If |Nϵ′(i)| ≥ MinPts, mark i as a core point.

• Connect core points that are within ϵ′ distance.

• Assign non-core points to clusters of nearby core points.

5: Check the distance constraint:

• Check all clusters: d(ei, ej) ≤ ϵ for all documents i, j in the same cluster.

• If all clusters satisfy the condition: Exit the loop. Otherwise, Update ϵ′ ← α · ϵ′ and continue the
loop.

6: end while
7: Output: Return clusters such that d(ei, ej) ≤ ϵ for all documents i, j in the same cluster.

4.2.2 Step 2: Cluster-level Shapley Value Computation

In Step 2 of the Cluster Shapley (Algorithm 1), we consolidate the documents within each cluster by

concatenating them into a single meta-document, which serves as a representative unit for that cluster. Instead

of computing Shapley values for individual documents, we calculate the Shapley value ϕ̂Gk
for each cluster

k ∈ [m], significantly reducing the computational complexity. Specifically, following the formation of

meta-documents, we proceed with the same summarization and evaluation process outlined in §4. These

meta-documents, now representing aggregated information from multiple documents, are used as inputs for

LLM-based summarization. The generated summaries are then evaluated using predefined metrics, allowing
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us to compute Shapley values that quantify each cluster’s contribution to the final summary.

Notably, the Cluster Shapley framework is flexible with respect to the choice of Shapley computation

method. In Step 2, any Shapley value algorithm can be applied, including exact calculations or approximation

techniques. In cases with very large datasets or a high number of clusters, approximation methods such as

Monte Carlo sampling can be employed to further reduce computational costs while maintaining reasonable

accuracy. We formally discuss this in §4.3.3.

Finally, we attribute the cluster’s Shapley value equally across its individual documents, assigning

ϕ̂i = ϕ̂Gk
/|Gk| as the Shapley value for document i within cluster Gk.

4.3 Theoretical Analysis of Cluster Shapley Algorithm

We now develop theoretical guarantees for our proposed Cluster Shapley algorithm. We begin by stating a

mild assumption that semantically similar documents—i.e., those close in the embedding space—have similar

contributions to the summarization output. This Lipschitz continuity assumption underpins the accuracy of

our clustering-based approximation by ensuring that documents grouped into the same cluster have bounded

differences in their Shapley values.

Under this assumption, we first analyze the approximation error introduced by clustering in §4.3.1.

Specifically, we prove that the error in estimating the Shapley value of any document is at most Lϵ, where ϵ

is the clustering diameter chosen in the algorithm. This result highlights a trade-off: smaller ϵ leads to more

accurate Shapley estimates, at the cost of increased computation.

Second, we characterize the computational complexity of the algorithm in §4.3.2. By reducing the number

of elements from n documents to m clusters, the computation cost of Shapley value computation drops from

O(2n) to O(n2 + 2m), offering substantial gains in efficiency when m is small.

Third, for the scenario that m is still moderately large (so that 2m complexity is burdensome), we extend

the analysis to a Monte Carlo version of Cluster Shapley in §4.3.3, where cluster-level Shapley values are

estimated using random permutations/samples. We derive high-probability error bounds and show that the

computation complexity scales inversely with the square of the desired error level. This variant enables even

greater scalability when the number of clusters m becomes moderately large.

Taken together, our analysis shows that Cluster Shapley is a principled, flexible algorithm that offers

provable accuracy-efficiency trade-offs.

4.3.1 Approximation Error of Cluster Shapley

We first introduce the following mild assumption.

Assumption 1 (Lipschitz continuity in embedding space). There exists a constant L > 0 such that for any

two documents i, j ∈ Sq and for any coalition S ⊆ Sq not containing i or j, the difference in their marginal

contributions is bounded by the embedding distance:∣∣∣v(S ∪ {i})− v(S)− (
v(S ∪ {j})− v(S)

)∣∣∣ ≤ Ld(ei, ej). (10)
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Under Assumption 1, if two documents lie in the same cluster (d(ei, ej) ≤ ϵ), their marginal contributions

in any coalition differ by at most Lϵ. Taking a weighted average over all coalitions (as in the Shapley formula),

then implies that their Shapley values differ by at most Lϵ as well. Thus, documents grouped together by the

clustering step are approximately symmetric in terms of their contribution. In particular, if d(ei, ej) is small, i

and j have nearly interchangeable effects on any summary. This also justifies the Cluster Shapley algorithm’s

strategy of treating cluster members as equal for value allocation in the last step. We now formalize the

approximation error, accuracy, and complexity.

Clustering introduces an approximation error by merging distinct documents. Intuitively, as the clustering

becomes finer (more clusters), the approximation error decreases. In the extreme case where each document

forms its own singleton cluster, the algorithm performs an exact Shapley calculation on individual documents,

hence producing no error. The following theorem establishes that under the mild Assumption 10, the Cluster

Shapley value of each document converges to its true Shapley value as the clustering granularity increases

and provides a bound on the approximation error in terms of the clustering diameter ϵ.

Theorem 1 (Convergence and Approximation Error Bound). Under Assumption 1, the Cluster Shapley

algorithm converges to the exact Shapley values as the clustering diameter ϵ approaches zero (i.e. as each

cluster becomes an identical-document singleton). In particular, for any document i, the approximation error

is bounded by

|ϕ̂i − ϕi| ≤ L ϵ. (11)

Proof. Without loss of generality, we assume the document i is in the cluster Gk. By the clustering

construction, for any two documents i, j in the same cluster Gk, we have d(ei, ej) ≤ ϵ. Then by Assumption

1, for every coalition S not containing i or j, the marginal contributions of i and j differ by at most Lϵ. That

is, ∣∣[v(S ∪ {i})− v(S)]− [v(S ∪ {j})− v(S)]
∣∣ ≤ Lϵ. (12)

Now consider the exact Shapley values ϕi and ϕj . Using the permutation definition in Equation (6),

ϕi−ϕj can be expressed as the difference in i and j’s marginal contributions to S, and then weighted average

over all coalitions S. Because each such difference is bounded by Lϵ as shown in Equation (12), it follows

that |ϕi − ϕj | ≤ Lϵ. In other words, all members of a cluster have Shapley values within a range of at most

Lϵ, i.e., for any i and j in Gk,

|ϕi − ϕj | ≤ Lϵ. (13)

Note that our Cluster Shapley implicitly forms a cluster-level cooperative game over the set of clusters

{G1, . . . , Gm} with value function vG :

vG(T ) := v

 ⋃
Gk∈T

Gk

 , for T ⊆ {G1, . . . , Gm}.
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We now claim that:

ϕ̂Gk
=

∑
j∈Gk

ϕj .

To see this, define a function ψ(Gk) :=
∑

j∈Gk
ϕj . This defines an allocation of value to clusters based

on the sum of Shapley values in the original game. Since the original Shapley allocation is efficient,

m∑
k=1

ψ(Gk) =
m∑
k=1

∑
j∈Gk

ϕj =
∑
j∈Sq

ϕj = v(Sq) = vG({G1, . . . , Gm}),

we see that ψ is an efficient allocation over the clusters. Moreover, the marginal contribution of Gk to any

coalition of clusters T in vG is given by:

vG(T ∪ {Gk})− vG(T ) = v

 ⋃
Gj∈T

Gj ∪Gk

− v
 ⋃

Gj∈T
Gj

 .

This is precisely the aggregated marginal contribution of all documents in Gk to the documents in the union

of T . Thus, the average marginal contributions of documents in Gk across permutations yield ψ(Gk) as

the total contribution of Gk, and by the uniqueness of the Shapley value under efficiency, symmetry, null

document, and linearity (the other three properties symmetry, null document, and linearity hold simply by the

definition of vG and ψ), we know that vG(Gk) = ψ(Gk). Then, it follows that:

ϕ̂Gk
= ψ(Gk) =

∑
j∈Gk

ϕj .

The Cluster Shapley algorithm assigns each i ∈ Gk the same value ϕ̂i = ϕ̂Gk
/|Gk| as constructed in

the last step. Let ϕmin and ϕmax be the minimum and maximum exact Shapley values among cluster Gk’s

members. Since:

ϕ̂i =
ϕ̂Gk

|Gk|
=

1

|Gk|
∑
j∈Gk

ϕj ,

this average lies between the minimum and maximum of the {ϕj : j ∈ Gk}. In particular, ϕmin ≤ ϕ̂i ≤ ϕmax

for all i ∈ Gk. Therefore the absolute error for any i ∈ Gk satisfies

|ϕ̂i − ϕi| ≤ max{ϕmax − ϕi, ϕi − ϕmin} ≤ ϕmax − ϕmin. (14)

But from the Equation (13), we know ϕmax − ϕmin ≤ Lϵ. Hence |ϕ̂i − ϕi| ≤ Lϵ as claimed in Equation

(11). In the limit ϵ → 0, every document will eventually stand alone (since there is a finite minimum

nonzero distance between any two distinct document embeddings in Sq). In that extreme case, the algorithm

reproduces the exact Shapley values with zero error. Thus ϕ̂i → ϕi for all i.

Theorem 1 already provides an approximation error bound |ϕ̂i − ϕi| ≤ Lϵ for each document’s value as
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a function of the clustering diameter ϵ. We now further interpret this result and consider the following special

case.

Corollary 1 (Accuracy in homogeneous clusters). If a cluster Gk is such that all member documents are

nearly identical, i.e., the maximum difference ϕmax − ϕmin = δ ≪ 1), then each document’s Cluster Shapley

value is within δ of its true Shapley value, |ϕ̂i − ϕi| ≤ δ for all i ∈ Gk. In particular, if documents in Gk

are symmetric (meaning v(S ∪ {i}) = v(S ∪ {j}) for all S and all i, j ∈ Gk), then ϕ̂i = ϕi exactly for all

i ∈ Gk.

Proof. Given ϕmax − ϕmin = δ and as shown in the proof of Theorem 1 (see Equation (14)), we have

|ϕ̂i − ϕi| ≤ δ for each i. In the symmetric case (δ = 0 by the definition of the symmetry property), then we

have |ϕ̂i − ϕi| = 0.

This corollary confirms that the algorithm is exact for clusters of truly similar documents. In realistic

settings, documents in a cluster may not be perfectly identical in contribution, but as long as the within-cluster

heterogeneity is small, the approximation will be accurate.

4.3.2 Computational Complexity Analysis

We now analyze the computational complexity of Cluster Shapley and how it scales with the number of

documents n = |Sq| and the number of clusters m. We break down the algorithm into its two main steps:

clustering and Cluster Shapley value calculation.

• Document clustering complexity: The algorithm must compute embeddings for n documents and then

cluster them based on pairwise distances. Generating embeddings (using a pre-trained LLM embedding

model) takes O(n) operations. Computing the pairwise distance matrix naively costs O(n2) time (since

there are
(
n
2

)
pairs). The clustering itself using DBSCAN will typically require examining each point’s

neighbors; DBSCAN in worst-case can be O(n2), though it can approach O(n log n) on average (Ester

et al., 1996). In summary, the clustering step is polynomial in n. We can reasonably approximate it as

O(n2) in the worst case, which is manageable for moderate n. This phase is far more efficient than an

exhaustive Shapley computation (which is exponential in n).

• Cluster-level Shapley value computation complexity: Once m clusters are formed, we must compute

the Shapley values for these m meta-players. If we perform the exact Shapley computation at the cluster

level, there are 2m subsets in total (including empty and full), but since v(∅) = 0 is trivial, one often

writes 2m − 1 evaluations. Each such evaluation requires generating a summary from the union of

documents in those clusters and scoring it. Thus, this step is exponential in m. In Big-O notation, the

worst-case runtime for computing cluster Shapley exactly is O(2m).

Combining the two phases, the overall worst-case time complexity is O(n2) +O(2m). It is important to

note that the exponential complexity in m is unavoidable if using the exact calculation in Step 2 of the Cluster

Shapley algorithm. Cluster Shapley does not magically circumvent the combinatorial explosion; rather, it

reduces the problem size from n to m by leveraging redundancy in the document. In scenarios where n is
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large but the effective number of independent information sources is small (many documents are repeats

or very similar), this yields a drastic speed-up. In the best case, if all n documents were near-duplicates of

a few types, m would be small (say m = O(log n) or even O(1)), and then the overall algorithm runs in

polynomial time O(n2 + 2O(logn)) = O(n2 + nc) (or even O(n2)), which is efficient. In the worst case

where no two documents are alike (m = n), the complexity O(n2 +2n) reverts to that of exact Shapley (plus

the n2 overhead).

4.3.3 Moderately Large m Scenario

Finally, we note that if m is still moderately large (so that 2m summarizations and evaluations is burdensome),

one can combine Cluster Shapley with other Shapley approximation methods. For example, instead of exact

evaluation on all 2m cluster subsets in Step 2, one could run a Monte Carlo sampling procedure or use a

truncated permutation method to estimate the cluster Shapley values in polynomial time. This would further

reduce computation at the cost of a small sampling error. Formally, we give the following proposition about

the approximation error and computation complexity using Monte Carlo sampling in Step 2.

Proposition 1 (Monte Carlo Cluster Shapley Error and Complexity). Suppose that in Step 2 of Algorithm 1,

the Shapley value ϕ̂Gk
of each cluster Gk is estimated by averaging marginal contributions over N random

permutations. Assume the marginal contribution of any cluster is bounded by Vmax. Then for any document

i ∈ Gk, with probability at least 1− η, the approximation error is bounded by:

|ϕ̃i − ϕi| ≤ Lϵ+
Vmax

|Gk|

√
log(2/η)

2N
, (15)

where ϕ̃i is the final value assigned to document i using Monte Carlo Cluster Shapley. Moreover, the total

computational complexity is O(n2 +Nm).

To guarantee that the total approximation error per document does not exceed a threshold εtotal, it suffices

to choose:

N ≥ V 2
max

2|Gk|2(εtotal − Lϵ)2
log

(
2

η

)
. (16)

Proof. The total error |ϕ̃i − ϕi| can be decomposed into two parts:

|ϕ̃i − ϕi| ≤ |ϕ̃i − ϕ̂i|+ |ϕ̂i − ϕi|.

From Theorem 1, we already have |ϕ̂i − ϕi| ≤ Lϵ.
Now consider the estimation of ϕ̂Gk

using N random permutations. Let Xt denote the marginal contri-

bution of Gk in the t-th permutation. Then ϕ̃Gk
= 1

N

∑N
t=1Xt. Since each Xt ∈ [0, Vmax], by Hoeffding’s

inequality:

P
(
|ϕ̃Gk

− ϕ̂Gk
| ≥ δ

)
≤ 2 exp

(
−2Nδ2

V 2
max

)
.
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To ensure the deviation is at most δ with probability at least 1− η, it suffices to set:

δ = Vmax

√
log(2/η)

2N
.

Since ϕ̃i = ϕ̃Gk
/|Gk| and ϕ̂i = ϕ̂Gk

/|Gk|, we have:

|ϕ̃i − ϕ̂i| =
|ϕ̃Gk

− ϕ̂Gk
|

|Gk|
≤ δ

|Gk|
.

Combining the bounds yields:

|ϕ̃i − ϕi| ≤ Lϵ+
Vmax

|Gk|

√
log(2/η)

2N
.

To guarantee |ϕ̃i − ϕi| ≤ εtotal, solve:

Vmax

|Gk|

√
log(2/η)

2N
≤ εtotal − Lϵ,

which gives the required bound on N :

N ≥ V 2
max

2|Gk|2(εtotal − Lϵ)2
log

(
2

η

)
.

The clustering phase requires O(n2) operations, and each permutation for Monte Carlo contributes O(m)

evaluations. So N permutations contribute O(Nm), and the total complexity is O(n2 +Nm).

5 Application Setting: Amazon Review Dataset

We use the publicly available Amazon Product Reviews dataset as the empirical context to demonstrate

the performance of our document valuation approach. This dataset was collected by Hou et al. (2024) and

has been extensively utilized in recent research studies on a variety of topics, including sentiment analysis

(Haque et al., 2018), sequential product search and recommendation (Hou et al., 2024), fine-tuning of LLMs

(Zhang et al., 2024), and evaluation of LLM alignment (Shankar et al., 2024). The dataset spans from May

1996 to September 2023, featuring over 571.54 million reviews from 54.51 million users and covering 48.19

million unique items. It is organized into 33 distinct categories, including electronics, household goods,

clothing, and books. This user review data set consists of textual feedback provided by users that captures

their opinions, ratings, and experiences with products. This component contains 30.14 billion review tokens.

A comprehensive analysis of review categories, basic statistics, and detailed data field information is available

in (Hou et al., 2024).

While it is well-established that review valence and content can help consumers make better decisions

(Chevalier and Mayzlin, 2006), it is also well-understood that it is hard for consumers to process the large

amounts of information/text in the reviews. The dataset exhibits a highly skewed distribution of the number of
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reviews, where nearly 90% of products have fewer than 25 reviews, the most frequently purchased products

tend to have hundreds or even thousands of reviews. For example, the top 2% of products alone account for

over 40% of all reviews, meaning that for popular items, consumers must sift through hundreds of reviews to

extract relevant insights. This information overload makes it difficult for users to efficiently locate specific

details (e.g., product quality, value for money, durability, ease of return).

To help consumers navigate this vast amount of information, online platforms typically rank reviews by

helpfulness votes and allow searching for specific information. While these solutions can (and did) partially

aid consumers in their quest for information, they nevertheless require users to sift through a large volume of

irrelevant information and expend significant time and effort on the task. As such, it often leads to inefficient

searches and potentially uninformed purchasing decisions.

Today, Amazon has started adopting LLMs to retrieve and summarize the most relevant information for a

consumer’s specific query from the available set of reviews/user-generated content (see Figure 1). Customers

can either see a summary from all reviews, or query the system for a specific piece of information (e.g., ease

of return) through Amazon’s “Rufus” AI chatbot. For our analysis, we focus on query-based summaries,

though our framework is quite general and can also be applied to the general summarization settings.

For our numerical experiments, we select 24 products from different categories to ensure a diverse

representation of consumer goods (Table 1). These products span a variety of domains, including video

games, beauty products, and personal care items, with review counts varying widely. The number of reviews

per product ranges from 323 to 15,594, with a mean of 2,075 and a standard deviation of 3,216. Even

the product with the fewest reviews presents a significant information overload for consumers, making it

impractical to read through all reviews manually. While our methodology can be applied to a larger set of

products, our empirical findings do not fundamentally change with more products. Therefore, we focus on

this smaller subset of products for ease of computation cost.

To compute the Shapley value of each individual review (within the context of a given product), we,

therefore, need to first specify the distribution of queries that consumers use when requesting summaries for

this product. However, this query distribution cannot be accessed. Instead, we crafted two user queries that

closely mimic the real distribution of queries observed on e-commerce platforms. Specifically, we selected

popular attributes frequently mentioned by customers. As shown in Figure 1, the center subfigure under the

AI-summarized review highlights several commonly discussed aspects of products. For instance, for the

wireless controller product, attributes such as “Functionality” and “Controller quality” are among the most

commonly mentioned aspects by users. Based on this observed information, we designed two queries for

each product, as shown in the last column in Table 1, ensuring they aligned with real consumer concerns and

reflected realistic evaluation scenarios.
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No. Product
Number of
Reviews

Designed Query

1 Wireless Con-

troller

15,594 1. Does the controller experience unresponsiveness?

2. How would you rate the overall quality of the controller?

2 Hair Diffuser 1,328 1. Is the hair diffuser compact enough for travel?

2. How would you describe the quality of the hair diffuser?

3 PlayStation 5 2,700 1. How’s the quality of the PlayStation?

2. How’s the graphics of the PlayStation?

4 Headset 6,528 1. What’s the overall quality of the headset?

2. Is the headset comfortable?

5 Gift Card 4,827 1. Does the gift card not work well?

2. How quick is the delivery of the gift card?

6 Hair Styling

Agent

959 1. How does the texture of the hair styling agent feel?

2. What’s the quality of this hair styling agent?

7 Headwrap 561 1. How stretchy is the headwrap?

2. Does the headwrap feel durable and high-quality?

8 Hair Curler 1,243 1. Is it easy and quick to use this hair curler?

2. How’s the quality of this hair curler?

9 Hair Brush 1,372 1. Is the hair brush soft and gentle on hair?

2. How’s the quality of the hair brush?

10 Makeup Brush 567 1. Does the makeup brush have a smell?

2. How’s the quality of the makeup brush?

11 Bath Wash 1,962 1. Does the bath wash make skin softer?

2. Is the quality of the bath wash up to par?

12 Scalp Massager 381 1. What size is this scalp massager?

2. How’s the quality of this scalp massager?

13 Audio Cable 1,511 1. How’s the quality of the audio cable?

2. How’s the noise level of the audio cable?

14 Tint Kit 1,750 1. How good is the quality of the tint kit?

2. Is the tint kit effective?

15 Super Mario 1,221 1. How’s the quality of Super Mario?

2. How’s the multiplayer capability of Super Mario?

16 Nail Polish 534 1. How’s the quality of the nail polish?

2. How’s the durability of the nail polish?

17 Nail Aid 323 1. How’s the quality of the nail aid?

2. How effective is the nail aid?

Continued on next page

22

https://www.amazon.com/DualShock-Wireless-Controller-PlayStation-Black-4/dp/B01LWVX2RG/ref=sr_1_1?dib=eyJ2IjoiMSJ9.kDKBY50a1BZ2_pYrrwzgF0hgwJNSMhMHDPrv4xRi9ahL7L9SUE8Az33CRClA_p-He7DARMOsDSRCCC1gCPcJ8nIllpg2b9oID4bmQS4-A-dnpenDWJK-1x87nRF2_h1C5ijNpAinsQrCcJKdUA_ZZ2j2W0nLZExErf2Kltm5KrZo8ui3zec5_D4lR6qS-F5CA0TYCcjLJ0j784-rWcSAiiuR0jS3g1RKIELnjOgeRaY.Jn5N6TpEcVe6bowmgfRdrVponsStEgpd7wAqpMiK0Ww&dib_tag=se&keywords=DualShock%2B4%2BWireless%2BController&qid=1735453668&sr=8-1&th=1
https://www.amazon.com/DualShock-Wireless-Controller-PlayStation-Black-4/dp/B01LWVX2RG/ref=sr_1_1?dib=eyJ2IjoiMSJ9.kDKBY50a1BZ2_pYrrwzgF0hgwJNSMhMHDPrv4xRi9ahL7L9SUE8Az33CRClA_p-He7DARMOsDSRCCC1gCPcJ8nIllpg2b9oID4bmQS4-A-dnpenDWJK-1x87nRF2_h1C5ijNpAinsQrCcJKdUA_ZZ2j2W0nLZExErf2Kltm5KrZo8ui3zec5_D4lR6qS-F5CA0TYCcjLJ0j784-rWcSAiiuR0jS3g1RKIELnjOgeRaY.Jn5N6TpEcVe6bowmgfRdrVponsStEgpd7wAqpMiK0Ww&dib_tag=se&keywords=DualShock%2B4%2BWireless%2BController&qid=1735453668&sr=8-1&th=1
https://www.amazon.com/Curly-Co-Collapsible-Hair-Diffuser/dp/B019GBG0IE/ref=sr_1_5?crid=2K93RA7U2NUNF&dib=eyJ2IjoiMSJ9.-SexuJxtuZC91kG78umK3JKIIiihhqg6lFAUflq4JkbNiU5lW5KTWx4ylKknzZEkHWAZ_BEWnj-vGVT-zSxnGMH0x7151LEf0Tv0chyi8EPwrkNldCy2DS0k09zAcg6ABGrSErXP8GZZ-sLZ8cr5FBQRXBA7AhdVZLB5X_1FNYCHI-xATxJlOP0tp51GhZL7pPzYv0jFpmvkx_GoERX8F01Eu_wdAhk0otzJun3z5qZsebx8X6eOhockTimSsfRFPM0JjtlOHZ8WAxLZ1gGAAxBH3T8l7ZdcWCxtNhTX-Vr7jcj5b6pQGu9tGK8E4b_8hTFkVI-sMguoEd0sNQurhP61ZIXv-bMsu5t-PkYaZZfD0joXjxZQi1OMGmQRllt0d1apz_PXD3MKyOVRW2v2ZrIoaYfOeRW8edgyEg5E36bEyLIzaDmiJcb1tOPbTJ7c.VfEDEq4C9QEVEqA9UuDh9U_jnh1_3tqc4hCI4smT14Y&dib_tag=se&keywords=hair+diffuser+Maintain+your+natural+texture+while+you+blow+away+the+frizz%21&qid=1735457424&sprefix=hair+diffuser+maintain+your+natural+texture+while+you+blow+away+the+frizz+%2Caps%2C511&sr=8-5
https://www.amazon.com/PlayStation-5-Console-CFI-1215A01X/dp/B0BCNKKZ91/ref=sr_1_2?crid=36AP7Y86BNIB&dib=eyJ2IjoiMSJ9.DN24o4RYS97v_6zyZZGG7SKtTT67jkn6NCUWDH30A14lZyU0cwl8UuIwFG190I84BiEcH2oBQImtVbh2KfsCoWkScXIX8CH3GqDCmCk5DQDVmL_vYv8dAuPKf90vulb-D-iiBtgAHwKCT9mcOzVLwIYo9IFGqiL2sEi2JRh6nVDgNX88t2Gtsi8OgnibvNYl-fNsyV_pagb38ytWOa3DWfYFSZO8zcJwQjZQCfPM8W8.27EPJABHrIVhWeN-wLpGVf9twiqxfnaiwfDDrVqowP8&dib_tag=se&keywords=The%2BPS5%2Bconsole%2Bunleashes%2Bnew%2Bgaming%2Bpossibilities%2Bthat%2Byou%2Bnever%2Banticipated.%2BExperience%2Blightning%2Bfast%2Bloading%2Bwith%2Ban%2Bultra-high%2Bspeed%2BSSD%2C%2Bdeeper%2Bimmersion%2Bwith%2Bsupport%2Bfor%2Bhaptic%2Bfeedback%2C%2Badaptive%2Btriggers%2C%2Band%2B3D%2BAudio%2C%2Band%2Ban%2Ball-new%2Bgeneration%2Bof%2Bincredible%2BPlayStation%2Bgames.&qid=1735457232&sprefix=ps5%2Caps%2C437&sr=8-2&th=1
https://www.amazon.com/Turtle-Gaming-Headset-PlayStation-Nintendo-Console/dp/B00YXO5U40/ref=sr_1_1?dib=eyJ2IjoiMSJ9.j8VsOuL9QPbqbpBPsGpb3Q.-lb2Sot0fX60o2pjKNVxw0S3PEuMCaS5ggqnZPqVZtc&dib_tag=se&keywords=Take%2Bgaming%2Baudio%2Band%2Bcomfort%2Bto%2Bthe%2Bnext%2Blevel%2Bwith%2Bthe%2BTurtle%2BBeach%2BRecon%2B50X%2Bofficially%2Blicensed%2Bgaming%2Bheadset%2Bfor%2BXbox.%2BThe%2BRecon%2B50X%2Bfeatures%2Ba%2Blightweight%2Band%2Bcomfortable%2Bdesign%2C%2Bwith%2Bhigh-quality%2B40mm%2Bover-ear%2Bspeakers%2Bthat%2Blet%2Byou%2Bhear%2Bevery%2Bcrisp%2Bhigh%2Band%2Bthundering%2Blow.%2BFor%2Beven%2Bmore%2Bimmersive%2Baudio%2C%2Bthe%2BRecon%2B50X%2Bsupports%2Bspatial%2Bsound%2Btechnologies%2Blike%2BWindows%2BSonic%2C%2BDolby%2BAtmos%2Band%2BDTS%2BHeadphone%3A%2BX*.%2BQuickly%2Band%2Beasily%2Badjust%2Bmaster%2Bvolume%2Band%2Bmic%2Bmute%2Bwith%2Bconvenient%2Bin-line%2Bcontrols.%2BThe%2BRecon%2B50X%2Balso%2Bincludes%2BTurtle%2BBeach%E2%80%99s%2Brenowned%2Bhigh-sensitivity%2Bmic%2C%2Bwhich%2Bcan%2Bbe%2Bremoved%2Bwhen%2Bwatching%2Bmovies%2Band%2Blistening%2Bto%2Bmusic.%2BThe%2Bversatile%2Bmultiplatform%2Bconnection%2Bmakes%2Bit%2Bperfect%2Bfor%2Busing%2Bwith%2BXbox%2BSeries%2BX%2C%2BXbox%2BSeries%2BS%2B%26%2BXbox%2BOne%2C%2Bas%2Bwell%2Bas%2Bwith%2BPS5%2C%2BPS4%2B%26%2BPS4%2BPro%2C%2BNintendo%2BSwitch%2Band%2BPC%2B%26%2BMobile%2Bdevices%2Bwith%2B3.5mm%2Bconnection.&qid=1735457535&sr=8-1&th=1
https://www.amazon.com/PlayStation-Store-Gift-Card-Digital/dp/B07C438TMN/ref=sr_1_1?crid=11F2XPJ6N4LTW&dib=eyJ2IjoiMSJ9.pm47MMjOzw8JxJ7yDXqHrHdirUEHz8r0_sMoaos3mYSbn4dKhkijc3umtT45MMJPto3ijGyPRlDIqxmw12x0jeNZQtpFwcUbKGTl0h4rKnNbL5Ol7uiNcTHxkg17m1zdHjk8BRhj9u3yYcK1UxxsjvHqwPhvP71_l97loiQ0RNFqZrcUEtk1iW4puVWUhwsW0sQwc5-vV6zrQ9buj9ybf3V2dIVuK0-XdPZePMtRoks.BW-pESfbtbvDSEW7o18wwpG1f1OaT13peWycOo_Myso&dib_tag=se&keywords=gift%2Bcard%2Bplaystation%2BStore&qid=1735457718&sprefix=gift%2Bcard%2Bplaystation%2B%2Caps%2C669&sr=8-1&th=1
https://www.amazon.com/Head-TIGI-Hairspray-Extra-Strong/dp/B08X976H6W/ref=sr_1_1?dib=eyJ2IjoiMSJ9.3ziRrrAMWw5a-fcxOzfUWawHv5YteEY_1vL3IKVYV9NcU5HxqNatCD_v9oNNbcor9hxrIrorS0Q83Y3E1AwzptqufJ-EQmkHheojKa4KgrlGHHKqEdLeGLJbWIpkougo-n60PPsP-mAqL4l9vR55sry226ynyCbKgUnzF3Th3sgYRtwHXFjTbZxRfHJ5ujJpO3bt5PKF9Nrw7DLo6vOyrrkrT4lPbNGTamNfef4lpYQJmU37pLxPgHpDpd3Hjvyu8JZDKi_EnHEhJvYmt0ZNosw2YYlcVdnH8Y2W07VEETIdi58ZhRtTuSW458oud86MRN9qoTKnpuK6JGSw2c7ImVvFEHAeofUaBBofGZci-F2pV8r4qBhgrAv1kE1lc8uQqKq9bm6BG-GnULrtxwoo2LhyVMEOaiV3YprHUDp2QW72T17_8yUCIzARiCBWlb8J.FNP2MnVGP98RoHyDYJscRlw4Eu8NagOi75-envwiC3E&dib_tag=se&keywords=hair+styling+agent+TIGI+BH+HARD+HEAD+HAIR+SPRAY+Bed+Head+hair+care+products&qid=1735462411&rdc=1&sr=8-1
https://www.amazon.com/Head-TIGI-Hairspray-Extra-Strong/dp/B08X976H6W/ref=sr_1_1?dib=eyJ2IjoiMSJ9.3ziRrrAMWw5a-fcxOzfUWawHv5YteEY_1vL3IKVYV9NcU5HxqNatCD_v9oNNbcor9hxrIrorS0Q83Y3E1AwzptqufJ-EQmkHheojKa4KgrlGHHKqEdLeGLJbWIpkougo-n60PPsP-mAqL4l9vR55sry226ynyCbKgUnzF3Th3sgYRtwHXFjTbZxRfHJ5ujJpO3bt5PKF9Nrw7DLo6vOyrrkrT4lPbNGTamNfef4lpYQJmU37pLxPgHpDpd3Hjvyu8JZDKi_EnHEhJvYmt0ZNosw2YYlcVdnH8Y2W07VEETIdi58ZhRtTuSW458oud86MRN9qoTKnpuK6JGSw2c7ImVvFEHAeofUaBBofGZci-F2pV8r4qBhgrAv1kE1lc8uQqKq9bm6BG-GnULrtxwoo2LhyVMEOaiV3YprHUDp2QW72T17_8yUCIzARiCBWlb8J.FNP2MnVGP98RoHyDYJscRlw4Eu8NagOi75-envwiC3E&dib_tag=se&keywords=hair+styling+agent+TIGI+BH+HARD+HEAD+HAIR+SPRAY+Bed+Head+hair+care+products&qid=1735462411&rdc=1&sr=8-1
https://www.amazon.com/Nonbongoy-Turban-Jersey-Headband-Headwraps/dp/B0974SYK4C/ref=sr_1_1_sspa?crid=29SQWJLDT546Y&dib=eyJ2IjoiMSJ9.lwifTeAmgx9Sd0n_wlLt-dQkU1PrreiYNLXPdGbtUoPqaIZcHb39N85G4WYuoehTWXVHyNqD6YMEvWjGzP0vr6vamdYK4Zo_O1g3vUx5Yfi-paiemG_u1Ed0DvM66wORMdBMjxgjkzB8lUhbfBTsrh0dvrWythCv6QBQV2PsCdPSU3iuabdpNoLZplO5oP3zRoYVTQiEX4z84qi_Dnx54YsofwjVScQ2d2wGaQHlrzmtRsiDvwgAjixf1zwIhYSMsZqSrBbZCkWWZ3rAzqy_9FbqiiP6PNbh054817VNol4.ZPSVjYp3AIrTrQisLjFlR6dgXtShg9EDSPIxLpTFJGg&dib_tag=se&keywords=4+pieces+head+wrap+scarves&qid=1735464572&sprefix=4+pieces+head+wrap+scarves+in+different+colors+including+wine+red%2Croyal+blue%2C+black%2Carmy+green%2Caps%2C379&sr=8-1-spons&sp_csd=d2lkZ2V0TmFtZT1zcF9hdGY&psc=1
https://www.amazon.com/Bed-Head-Curlipops-Tapered-Curling/dp/B008S6INZC/ref=sr_1_1?crid=38GWEUH3I6FNQ&dib=eyJ2IjoiMSJ9.PI5qQUv_bxeZJ0pEktO9q8UR3Q8ZyYIR4RcuuscoPJBlw37hTyttdsUEzu4xaP9xmsf-bQlrq80qf9GHTOwUMSwdHikB36PwCCENtZI59SRwL1ijx5JPpJlYAwYQDjVWgklEDmxkII4EdlOjBZg3JNSFqZ_n5ai-CndIKFsDFhuLvilXKrd3e7JLhbldgfEf95osm3BrCRBZjwLUsIFCcV2TiX209-OnfbbGRtmBBQr0M9OgdLDrYXRPjHzc7VvRxwTHCE2GdFEXJkDZT0XckAX0YHM6tk85xx5kZ238TzW9AUvuhsWwnl5RfadkW1Ls.39gT6ZWDv6Cpfn4LCzaET4cXpaO5MydULmmQqMXWiAI&dib_tag=se&keywords=Bed+Head+Curve+Check+Tourmaline+Ceramic+Styling+Iron&qid=1735464258&sprefix=hair+brush%2Caps%2C1018&sr=8-1
https://www.amazon.com/Brush-Bristle-Hairbrush-Smooth-Paddle/dp/B07N4PCYTD/ref=sr_1_1?crid=F5W23V0MW996&dib=eyJ2IjoiMSJ9.wf2JmIecgxlGarEiJIuW0eLl0uo6dfxmLJ8cTxuzcaBDNT4f27DsHa4avV5KFcYokID8E_gRXMJAJAbmNNWf7HBRwadGYisfNe_zN8ZXsnB3L1iQNDkEqrMP8mISGldNmK0wH7-ou48-SxjFrE4M2UrqhMda8KsgKuBG-wtKuLIsqpHcm8FWTVskGP3rBfqjxC-R48DOYCY2pXDsb3tP8kAzCBiKAFK5eJfu_G7Q5ThqzPy6KplSIPTEiwNsAwlywQfMMUktmWw_ai3CcP2fW5ZI8AXLzsG0hbxERGjyPfAPruRWyZuGWTfcwOniVrlgVNGzzVIHQJfpw9VIf9hUtESvR4nfzCUGN2-zwnbIDGoQmPmO1YVsqy9flYY8OXSSZYKmupdRIz3bdBYnffIfmOZb0086sOu1p7ZCroe9CAClrM32ZtZe-bGXXGkt4ZXo.on4sQRUTZvhCMvuYvWA-xbKc-cVoePRWds2QboPK2l4&dib_tag=se&keywords=hair+brush&qid=1735464115&sprefix=hair+brush+reduce+frizz+stimulates+scalp%2Caps%2C2099&sr=8-1
https://www.amazon.com/BS-MALL-Brushes-Synthetic-Foundation-Concealers/dp/B07MH1KHJ2/ref=sr_1_1?crid=11MRNLJEJ0K3I&dib=eyJ2IjoiMSJ9.5fa0wVmnph1PJXlrupBaFhajMm-nh_g2agm9x6H22G9qqKKgI6idcmNublnEs_1p6MdaSDAlJ3GJQqmw1J6NxqXv_SvCv0NN4-UXFYINg0w4POWifAK_mwPRbBcVX841fUAENfZ2Y42m50K7xqaZqXot3DXo9L4OQrjXrESNmbsap3ZvWbXk_toQvM5yAAtCEUQ0baFbYfub-30OigrmcqY8IXB5vLWU24NY4aM5psgz2LnC-585gBsh2OtUE5sQlrvwYchqi-5uYo80-z4VyMWyTi8lwssEMwiNxv1fgx9VzgtfZrWMCZ09QbgAAT5YIIdDVwNFyH0iZU1vpkXPpwUsvFtv-_sMkXir_Zh3RJb1mF7FxWFmIRZMYhsnGGP19NpWHiusByxASiNKIdj_2fgFD3RpVS-IuCHCrPU2MQ6qpsaQLZWcOGb2bQ2RdAzQ.jCDVQHD3Tad5XVi4j7nvwdjhTJvcQq1kFSEptT6Pomw&dib_tag=se&keywords=Premium%2BMakeup%2Bbrushes&qid=1735463322&sprefix=premium%2Bmakeup%2Bbrushes%2Caps%2C665&sr=8-1&th=1
https://www.amazon.com/SALUX-Nylon-Japanese-Beauty-Yellow/dp/B08DT52KKQ/ref=sr_1_5?crid=3CUY61POQXEXT&dib=eyJ2IjoiMSJ9.J6LiEsQ1t7pjPJRwEg3z9dSW7JF-FctxJ9W9fCz3uCywE8BjvznIemXoAdnwmpF4Kk4tCZqHmpmwho85NPkG5rANFJ52VAqbjVRyjy8VtlJW_jpfAhm7iljQvTHm0WkYTcLougrPfbzLeLUpzxvuFF9Ipyh_mWUEKNdkMsl5cZvBg4f310mgFiajETEMNo0eM36mrEZe09L1QrjrmqMp2eOX_xSkzjMpVKbPkKGlra9-27V_BkwNX1n1qZPU2DC4Tg699WZqT2bkue0H9QamQC-s5jrguepkMaqmuI1A8mRORde9xnO_OAoCfI461XwV9BmX6EyT0sdS_PCNCl--vv0JoA3fSv37W6Soqptr90Uxay3T41JJhLn2MBxA-pn0PG38p5EtlxtVWpAzNftxbUsqtBQ0SG4Gj6ElsuIPuieHLYDjseTFizfTOm6HiWR0.sYPjTDDODLTTZZmHTwF1TMwh7O2BOLw1z13RKBpGqmc&dib_tag=se&keywords=Salux+Nylon+Japanese+Beauty+Skin+Bath+Wash+Cloth%2Ftowel&qid=1735463862&sprefix=salux+nylon+japanese+beauty+skin+bath+wash+cloth%2Ftowel%2Caps%2C994&sr=8-5
https://www.amazon.com/Massager-FReatech-Silicone-Bristles-Exfoliate/dp/B081F9VFF5/ref=sr_1_8?dib=eyJ2IjoiMSJ9.sZY0qATmHkYFqn9Gb3RZNbKffRXaFCgFszVtaPTipG11qnnbNo1ZgcaFgPx0rlJivn4FfhtRcYaapVY-DESX684kbmPSL2iue2alkA0VbX6WKuoq_Lr8QJ3gcKgWOUShLtdZWGgIzcGJluYzuQohN8YEwIAzMsQPZTSw5N3yJQvTphbCERcRVDJ26Y6xk24kwdfqI6mRUuUzZJgCuD2Rp83tClzIp0I6fFX4kLf9jLpSR8Q0jz_mbtAZEd6pAP0L7bgWq-X0dY8ZM_py2dKQzX5obOp1D-GnR-de0JNHRkrh0NCj2IvUWvHd6TXNKcz7AmfQmu7RXyJTeX2kHIDAHodUhoEiL2pgQHBTanfdXSYUKCR5NDzH9VKJHRVyXHMlRVg8dg3JRDRCOJGDSUzrnebz7pQJTgJYWgTgVIXjY6IMRD_vno0eofMtVn0jEJ3l.XSsnky_oMQpt2UCa7q1HUK5UBnfAjug7G6RqCiiL_dA&dib_tag=se&keywords=massager%2Bscalp%2Bsilicone&qid=1735463492&sr=8-8&th=1
https://www.amazon.com/Ubisoft-Rocksmith-Cable-Trilingual-playstation-2/dp/B00I0701P4/ref=sr_1_1?crid=31QD5O5ZHQ4OP&dib=eyJ2IjoiMSJ9.dmtzZsdmY9Q38P9P_wUdny63Gh1O-e7E19gpJSJIwJ7Mpz_-QyYl01XnlG2UiPbrT7p1mZbn0csKezXK4Mwhd_44UwO5Bhg3FSQvBNGXnEuDBi2nhiAw4EDEjv7pCGxM7fGjTMvSH481R2c97JEKzhZ7X08IEW2dNQHcYoxj3eMb81_fMZ0PS58u_yFTdQuc0EOOBKthFPu3AUa-xLyIMqeovMY1RfzMZ4KE72ahkMDoVzRT19qi-D6a_djcU41lbaxXIASZm9_yZ2GY_1I8O_mE68ygE12gLYZct2abjSIAVcNHBQXEFI0i_feTC2IRIR-KUonN5tKh18DJbuO9vlBxpjqTk8Jtp1o806s-YIXpCLt6A4d6gVTPiS4ZsJ4W.dK8QeWsRmdoPkmKnHPmHJ8vG3F4e5akG2n6Kq1L3Ask&dib_tag=se&keywords=Connect+any+electric+guitar+or+bass+via+1%2F4%22+output+directly+to+your+console+or+PC+and+get+real-time+note+detection+and+virtual+effects+in+Rocksmith%2B.&qid=1735459210&sprefix=connect+any+electric+guitar+or+bass+via+1%2F4+output+directly+to+your+console+or+pc+and+get+real-time+note+detection+and+virtual+effects+in+rocksmith%2B.+%2Caps%2C440&sr=8-1
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No. Product
Number of
Reviews

Designed Query

18 Mannequin 881 1. How would you describe the quality of the mannequin?

2. Is it a good mannequin for practicing braiding?

19 Headbands 1,153 1. How good is the quality of the headbands?

2. Are the headbands comfortable to wear?

20 Gauge Gear 785 1. What’s the quality of the gauge gear?

2. Does the gauge gear help with healing?

21 Facial Wipe 446 1. How’s the quality of the facial wipes?

2. How effective is the facial wiped at cleaning?

22 Dental Tool 1,343 1. How’s the quality of the dental tool?

2. Does the dental tool do its job effectively?

23 Crystal Crowns 1,374 1. What’s the quality of the crystal crowns?

2. How beautiful are the crystal crowns?

24 Blemish For-

mula

449 1. What’s the quality of the blemish formula?

2. How effective is the blemish formula?

Table 1: Examples of designed queries for different products

6 Implementation Details of Shapley Value

This section is organized as follows. In §6.1, we first introduce the RAG architecture. Recall that the two key

inputs to our document valuation framework are a summarization method A(·) and an evaluation method

v(·). As discussed in §4, while our solution concept is agnostic to summarization and evaluation methods, we

nevertheless need to specify these two methods for our empirical evaluations. In §6.2 and §6.3, we detail our

summarization A(·) and evaluation v(·). Last, we carry out implementation details towards exact Shapley

and Cluster Shapley in §6.4 and §6.5 respectively.

6.1 Introduction to RAG

AI search engines are designed to provide real-time, contextually relevant responses to user queries. A

key technique behind many of these systems is RAG, which integrates pre-trained LLMs with information

retrieval to enhance response accuracy and relevance (Lewis et al., 2020). RAG addresses the limitations

of static, pre-trained LLMs by incorporating new information from up-to-date, domain-relevant documents

(which can be potentially proprietary to the firm). By grounding responses in reliable documents, RAG

improves the relevance of AI-generated answers, reduces hallucinations, and mitigates the issue of outdated

information that plagues static models (Gao et al., 2023).

RAG models require two pieces of machinery – (1) A generative model or LLM that was pre-trained on a

large corpus of text, e.g., GPT, Llama, Claude, Gemini. These models can generate coherent general-purpose

text, although they are often unable to incorporate proprietary documents and recent news, and (2) a set
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of documents, D, that can be used to provide additional information to the generative model. Depending

on the use case, D can take many forms. For example, if the goal is to generate a search engine for news

aggregation, then D would consist of a set of licensed news articles from news websites. Alternatively, if the

goal is to generate a conversational search chatbot for aiding consumers in e-commerce websites, then D

would consist of the platform’s own proprietary database, including product details, consumer reviews, etc.

The RAG architecture has three components:

• Retriever (R): When a search query comes in, the retriever locates and retrieves relevant information by

identifying a set of documents that are relevant to the search query. Essentially, given a query q and a set

of documents D, the retriever’s goal is to identify a subset Sq ⊆ D that is most relevant to the query at

hand.

• Augmentation (A): In this phase, the retrieved documents (Sq) is integrated with the original input (user

query, q) to provide additional context for the generative model. This augmentation ensures that the

response from the generative model is grounded in retrieved reliable information, enhancing both its

accuracy and relevance.

• Generator (G): The generator, typically an LLM such as GPT or Claude, synthesizes the user’s query

(q) and the retrieved information (Sq) to produce a coherent response. By incorporating the retrieved

documents, the LLM can generate outputs that go beyond its pre-trained knowledge, delivering more

comprehensive and contextually appropriate responses.

By combining these three components, RAG architecture enhances AI search systems in two fundamental

aspects: technical system capability and user experience. From a technical perspective, this integration

enables AI systems to generate responses that leverage both pre-trained model knowledge and real-time

retrieved information, significantly expanding their capabilities beyond the constraints of static training

data (Jiang et al., 2023). From a user interaction perspective, RAG architecture improves three critical

dimensions of system trustworthiness: source verification, decision support, and accountability (Perplexity,

2024). Specifically, by exposing information sources and their integration process, RAG systems enable

users to verify response provenance and understand the basis of AI-generated content. This transparency

is particularly important in real-world applications such as online shopping, news, and finance, where

understanding and validating the foundation of AI responses directly impacts decision-making processes.

Given the effectiveness and scalability of RAG architecture, it forms the backbone of most of the

modern AI-based search and summarization systems, e.g., Amazon’s Rufus (Mehta and Chilimbi, 2024),

Google AI Search (Reid, 2024), and OpenAI’s ChatGPT Search (OpenAI, 2024). In the retriever phase,

these systems adapt their information retrieval strategies based on their specific objectives. For instance,

ChatGPT Search leverages Bing’s search engine capabilities, enhanced by strategic partnerships with news

organizations like Associated Press and Financial Times to ensure access to verified information (OpenAI,

2024). Google’s implementation employs a dynamic search mechanism by assigning a prediction score

(ranging from 0 to 1) to each query, measuring the potential benefit of incorporating external information.

When this score exceeds a configurable threshold, the system activates RAG to ground responses with
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retrieved web data; otherwise, it defaults to the conventional LLM model, thus optimizing computational

efficiency (Google, 2024). The augmentation and generation phases are also adapted to their specific contexts.

For example, in the augmentation phase of ChatGPT Search, the retrieved information from both web

searches and partnered content providers is processed and formatted to align with the user’s query context.

This augmented context is then passed to the generation phase, where outputs from OpenAI’s o1-preview

model are used to create synthetic training datasets for fine-tuning the more efficient GPT-4o model2. This

approach enables comparable task-specific performance while significantly reducing computational costs.

The generated responses maintain conversational coherence while preserving source attribution through

embedded references.

To illustrate the impact of RAG integration on LLMs, we provide an example with a simple query: “Who

won the Super Bowl this year?” for two cases – (1) LLM response without RAG integration (see Figure 2)

and (2) LLM with RAG integration (see Figure 3 for ChatGPT Search). As we can see RAG integration

has key three advantages over the baseline LLM: (1) the ability to interpret temporal references without

explicit dates, requiring systems to understand and ground “this year” in current context, and (2) the capacity

to provide accurate, up-to-date information through real-time retrieval rather than relying on training data,

and (3) The ability to clearly cite the sources used to answer the query, which allows the user to verify the

accuracy of the generated answer. Notice that, without RAG integration, GPT-4 is constrained by its training

cutoff date and provides outdated information from 2023, whereas both RAG-enabled systems successfully

deliver current, verified information with proper source attribution.

Figure 2: Traditional ChatGPT-4 Response without RAG-Enhanced Web Search

6.2 Summarization of Relevant Amazon Reviews via RAG

Note that there exist a few open-source RAG-based AI search engines such as (Morphic, 2024; Perplexica,

2024). However, they typically rely on web search APIs, e.g., (SearXNG, 2021), which do not include the

Amazon review dataset. Thus, in this part, we construct a RAG-based search to find relevant documents Sq
from Amazon reviews and summarization tool A(q, Sq) for any given query q. Figure 4 shows the overview

of the four-step procedure.

• Step 0: Generate Text Embeddings
The pre-processing step consists of generating text embeddings for all D reviews/documents associated

2Distillation is a model compression technique where a smaller model is trained to emulate the behavior of a larger, more powerful
model. For technical details, see: https://openai.com/index/api-model-distillation/
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Figure 3: ChatGPT Search with RAG-Enhanced Web Search

with a product generated using OpenAI’s text-embedding-3-large model, which produces em-

beddings with a default size of 3072 dimensions. These embeddings are based on all the review text

(including the title and the main content) and capture the information in the review text. In our analysis,

we exclude reviews with fewer than 10 words, as they tend to be incomplete or non-informative.

Note that our RAG architecture is agnostic to the exact source of embeddings, and it is possible to use

alternative embedding models from open-source LLMs such as Llama, BERT, etc. However, recent

research has shown that OpenAI embeddings tend to outperform the embeddings of such earlier models

in discriminative tasks (Ye et al., 2025); hence we use the OpenAI embeddings for our application.

• Step 1: Fetch user query q
The process begins with a welcome message from the AI assistant to the user, followed by the user’s

search query related to some aspect of a product.

• Step 2: Retrieval of relevant documents Sq
We first process the user query to extract the key semantic information in it using a LLM (in our case

gpt-4o-2024-08-06). The goal of this extraction is to identify the core meaning/consumer need

expressed in the user’s query. For example, in Figure 4, the user’s query is, “I would like to know more

details about the quality of the wireless controller.” Here, the key semantic information is, “quality of the

wireless controller,” which is extracted for further processing.
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Figure 4: Architecture of LLM-based search and summarization tool for Amazon Product Reviews. This flowchart illustrates the
architecture of an AI-powered search engine designed for processing and summarizing reviews about the quality of DualShock 4
Wireless Controller. The process starts with the user query, where a specific question about the quality is posed. In the retrieval
phase, the query’s key semantic information, “the quality of the wireless controller”, is embedded and compared to filtered Amazon
product reviews using cosine similarity. The system then retrieves the top 8 most relevant reviews. During the augmentation phase,
these retrieved reviews are combined with the original user query and our designed prompt, guiding the generation process. Finally,
the generation phase employs OpenAI’s GPT-4o model to summarize the augmented information, providing a concise response that
cites the specific product reviews to ensure traceability and relevance to the user’s query.

Next, we use OpenAI’s text-embedding-3-large model to generate the embedding for the pro-

cessed query. We denote the embedding of the query as eq. For each review i in the set of reviews D, we

represent its embedding as ei. We then calculate the cosine similarity between the query embedding eq
and the review embedding ei for each review. The cosine similarity between the document embedding ei
and the query embedding eq is defined as:

cosine similarity(ei, eq) =
ei · eq
∥ei∥∥eq∥

,

where ei · eq is the dot product of the embeddings, and ∥ei∥ and ∥eq∥ are their respective Euclidean norms.

For a detailed explanation of cosine similarity and its application in text similarity tasks, refer to Chapter

6 of (Schütze et al., 2008).

The cosine similarity of a pair of embedding vectors captures the extent to which the embedding vectors

are similar, with higher values indicating greater similarity. Thus, a higher cosine similarity indicates

that a given review i has greater relevance to the query q. Next, we rank the cosine similarity scores of

the query q for all the D reviews and retain the most relevant reviews. Note that in our case, we choose

|Sq| = 8 across different queries. We can either retrieve the top few documents or apply a cutoff based on
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the cosine similarity of the embedding values—excluding those below a fixed threshold—or combine

both approaches by first selecting the top few relevant documents and then filtering those that meet the

similarity threshold. This retrieval process is quite flexible, and our Shapley approach is agnostic to the

specific retrieval process. To keep the implementation simple, we apply the rule to select the top 8 most

relevant reviews, though, in practice, the retrieval process can be much more complex.

Note that we select the top 8 most relevant reviews instead of using all D reviews/documents for three

reasons. First, from a computational and monetary cost perspective, providing a very large piece of

text (e.g., consisting of all available reviews, including irrelevant reviews) can be costly since the LLM

has to process all the tokens associated with this text as context and generate text (see the next step).

Second, giving irrelevant context to the generative model can worsen the quality of summaries, which is

detrimental to consumers. Third, prior research has shown that excessive information (or information

overload) can hinder customers’ ability to process content effectively (Jacoby et al., 1974; Eppler and

Mengis, 2004). Indeed, a recent study on modern AI search engines (such as Perplexity AI) shows that

responses typically include between 5 and 8 citations, with an average of 5.28 sources per query (Danny,

2024).

• Step 3: Augmentation by putting query q and documents Sq together
In the augmentation phase, we combine the user query with the relevant product reviews using a custom-

designed prompt in OpenAI’s GPT-4o model (gpt-4o-2024-08-06). The prompt, as shown in

Figure 5, instructs the model to analyze the filtered reviews, exclude irrelevant information, and generate

a summary focusing solely on content related to the query. The prompt ensures that the summaries

remain focused, neutral in tone, and transparently cite sources in square brackets, e.g., [1], so that each

summarized detail can be traced back to its source. If a review is deemed irrelevant, the model explicitly

marks it with a note like “[X] is not related to the query.” This systematic approach guarantees that both

relevant and irrelevant reviews are transparently accounted for, ensuring clarity and precision in the final

output.

• Step 4: Generate the summary A(q, Sq)
Following the prompt in Figure 5, the LLM model generates a summary response to the user query based

that combines the information from both the original corpus that the LLM was trained on and the new

context (the set of eight relevant reviews provided in the prompt). The summary clearly cites the source

reviews when needed, so users can refer to the original document when necessary.
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Inputs:

- Original user query.

- Indexed Amazon reviews.

GPT Prompt:

1. Analyze all reviews related to the query main topic.

2. Include only relevant information in the summary.

3. Use an objective and neutral tone.

4. Cite sources by appending the review’s index to the end of each sentence.

5. State explicitly if a review is unrelated to the query: "[X] is not related to the

query."

Structured Outputs:

- A summary covering the key information related to the query.

- JSON formatted output with fields:

- "key": A string representing the indices of the reviews used.

- "summary": The final summary text, with appropriate citations.

Figure 5: Summarization prompt on GPT-4o to analyze the relevant reviews to the original query and generate a summary. The
prompt specifies citation rules and explicitly requires noting if reviews are irrelevant. The structured output is generated and formatted
in JSON, consisting of two fields: “key” for indexing the source reviews and “summary” for the final generated text, complete with
appropriate citations. The complete prompt is provided in Appendix A

6.3 Evaluation of Summarized Amazon Reviews

Next, we carry out the details of the performance score function v(·), which essentially evaluates the quality of

summaries. We design an LLM prompt as the performance score function, as shown in Figure 6. This prompt

provides summaries along with the original query to generate a performance score. The LLM evaluates

each summary’s informativeness based on its “Information Coverage,” reflecting how well the summary

captures key aspects of the product reviews. Note that our framework is evaluation-tool agnostic, allowing

the integration of fine-tuned evaluation LLMs that are based on human-labeled data, providing flexibility for

incorporating more efficient and tailored evaluation mechanisms into the document valuation process.

Using the prompt, each summary is rated on a scale from 0 to 10, with higher scores indicating a more

comprehensive and accurate reflection of relevant information. The LLM is instructed to prioritize clarity and

relevance, emphasizing key details. If a summary includes irrelevant content—such as the explicitly marked

phrase “[X] is not related to the query”—it is assigned a minimum score of 0. We chose a 0 to 10 scale to

offer sufficient granularity for distinguishing levels of information coverage, as smaller scales (e.g., 0 to 5)

lack subtlety, while larger scales (e.g., 0 to 100) add unnecessary complexity. We tested alternative ranges to

confirm this choice for optimal consistency in scoring.
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Inputs:

- "{original_query}": Original user query.

- "{summaries}": Contains multiple summaries generated from different subsets of

reviews. Each summary is indexed with reference numbers corresponding to the

original reviews.

GPT Prompt:

1. Read the provided "{summaries}" carefully and compare them.

2. Evaluate each summary based on the criterion "Information Coverage," which

measures how well the summary captures and describes the key characteristics of

the product mentioned in "{original_query}".

3. Use a score between 0 and 10 to rate the summary, where a higher score indicates

more comprehensive and clearer coverage of the product’s key features.

4. If a summary contains only the sentence "[X] is not related to the query." then

assign a score of 0. If the summary includes other relevant content, ignore the

irrelevant sentence when evaluating.

Structured Output:

- A JSON formatted output with the fields:

- "key": A string representing the indices of the reviews used in the summary.

- "score": An integer from 0 to 10 representing the score of the summary based on

"Information Coverage".

Figure 6: Evaluation prompt (simplified version): The prompt guides the evaluation of how well each summary captures and
describes key characteristics from the source reviews. The complete evaluation prompt with detailed scoring criteria is provided in
Appendix A.

Note that we use the same GPT-4o model as the one used for summarization, to evaluate summaries.

One potential issue is that using the same LLM from OpenAI for both summarization and evaluation may

introduce biases, i.e., LLM tends to give higher scores to its summaries. To address this, we conducted

robustness checks using a different model, Claude, for evaluation. The results show that using Claude yields

similar performance scores and thus similar Shapley values, demonstrating the consistency of our framework

across different LLMs. Detailed results of these experiments are provided in Appendix D.

One challenge of using the GPT model for evaluation is the inherent stochastic nature of their outputs. To

address this, we leverage OpenAI’s structured output technology, which enforces strict schema adherence in

model responses. The structured outputs ensure that the LLM returns integer scores between 0 and 10. Another

method to reduce output randomness is by adjusting the temperature parameter, which modulates response

variability 3. While a temperature of 0 theoretically produces deterministic outputs by always selecting

the highest probability token, residual variability persists even at this setting due to several fundamental

challenges in LLM computation. Most notably, hardware-level floating-point arithmetic variations, a common
3The LLM temperature serves as a critical parameter influencing the balance between predictability and creativity in generated text.
Lower temperatures prioritize exploiting learned patterns, yielding more deterministic outputs, while higher temperatures encourage
exploration, fostering diversity and innovation.
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characteristic across all GPU-based LLM inference processes, can introduce subtle rounding errors that differ

across devices, architectures, and even computational threads (Astekin et al., 2024; Renze and Guven, 2024).

The impact of these computational variations becomes particularly pronounced in large language models

processing extended text sequences, where subtle distributional shifts compound across the sequence length.

To quantitatively assess the impact of temperature settings, we conducted systematic experiments examining

both summarization and evaluation processes across different temperature values (detailed in Appendix B).

Our findings demonstrate persistent output variance even at temperature 0, confirming these theoretical

predictions. Moreover, setting the temperature to 0 while minimizing variability tends to produce overly

rigid and potentially less coherent outputs (Holtzman et al., 2020), which is suboptimal for natural language

generation tasks. Based on our specific task and analysis, we selected a temperature setting of 0.1 for both

summarization and evaluation tasks. For summarization, this setting maintains output stability while allowing

sufficient linguistic flexibility to generate natural and contextually appropriate responses. For evaluation,

we adopted the same temperature setting to maintain methodological consistency across our pipeline. This

balanced approach effectively addresses the competing demands of reliability and expressiveness in both

generation and evaluation processes.

To further reduce the inherent variance in LLM output scores, we conduct four independent evaluations

for each summary and use their average as the final score. This approach balances variance reduction with

computational efficiency. Although increasing the number of evaluations can improve robustness, it also

raises time and resource demands. Through experimentation, we found that averaging four evaluations

achieves sufficient accuracy without excessive computational overhead. A formal variance analysis of the

summarization and evaluation process is presented in Web Appendix C.

6.4 Exact Shapley Implementation

Following the evaluation phase, where scores are assigned to all subsets of reviews based on the structured

prompt described previously, we calculate the exact Shapley values using the formula in (5). Table 2 presents

the Shapley values for the top 8 most relevant reviews in response to the query, “How is the quality of the

wireless controller?”. Other reviews not contributing to this query receive a Shapley value of zero.

Review #3 has the highest Shapley value (1.83), as it directly compares the controller’s quality to other

versions and emphasizes functionality, aligning well with the prompt’s emphasis on “Information Coverage”

for quality details. Similarly, Review #7 (1.61) and Review #2 (1.58) score highly for addressing quality

explicitly—#7 in a positive tone and #2 by highlighting durability compared to off-brand controllers. Review

#5 (1.44) also performs well by underscoring the superior quality of the original controller versus knockoff

brands. Review #4 (1.25) is somewhere in the middle, highlighting the good quality but without additional

information relevant to the query. The lower-scoring reviews, including Review #1 (0.59) and Review #6

(0.53), just generally mention the great quality and cheap price, lacking specific details. Reviews #8 has the

lowest value of 0.28, as it emphasizes aspects like shipping and being good for gifts, which are less relevant

to the query’s focus on controller quality, though the title mentions the “Quality”, which makes it relevant to

the query.
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No. Title Main Text Shapley

1 Cheaper price, same great
quality

This product stands as a testament to the reason I go to
the store to find the product then buy it online at a cheaper
price.

0.59

2 Quality It’s worth the price. Controllers last much longer than off
brand.

1.58

3 Great Quality and Price Great price and product and unlike others this one worked.
Ordered one from ebay and it was garabe but this seller is
legit 5 stars.

1.83

4 Great buy and Product is
exactly what I expected!

I liked the red color and that the product quality was exactly
what I needed!

1.25

5 Five Stars I only recommend the original makers product, pay more
but better then the knockoffs.

1.44

6 great product Great product and so much cheaper than buying it in store. 0.53
7 Nice, new and crispy Nice new and crispy! Very happy with the quality, the

vendor and the price 10/10 would recommend.
1.61

8 Quality Very nice and the shipping was very quick. My grandson
loved it for Christmas.

0.17

Table 2: Shapley values of Top 8 relevant Amazon reviews for the query “How is the quality of the wireless controller?”.

Next, we discuss the implementation cost of our proposed Shapley-based document valuation. For each

query with 8 relevant reviews, we must process 28 − 1 = 255 distinct subsets, with each subset requiring

a summarization and four evaluations to ensure reliable scoring. Our experiments indicate that processing

a single query averages 15 minutes,4 costing approximately $1.30 in OpenAI API fees per query. Batch

processing, i.e., simultaneous API calls to OpenAI, can effectively reduce the processing time from 15

minutes to around 3.5 seconds by parallelizing the 255 summarizations and evaluations. However, total

computation time and cost remain unchanged. Alternatively, open-source LLMs for summarization and

evaluation can further reduce both time and costs. For simplicity, we report the total computation time based

on sequential GPT-4o processing throughout the paper.

Despite these optimizations, the computational and financial overhead in the exact Shapley value remains

high for large-scale applications like Perplexity AI, which processed 400 million queries for 15 million

monthly active users as of August 2024 (DemandSage, 2024b). This high resource demand highlights a sig-

nificant gap between theoretical document valuation frameworks and practical implementation, emphasizing

the need for an efficient approximation algorithm, like our proposed Cluster Shapley algorithm.
4This time includes the full process for both summarization and evaluation of Python-based API calls, network latency, time to first
token, and all computational overheads. Processing time depends significantly on the OpenAI API tier level; our experiments used
Tier 2 access.

32

https://platform.openai.com/docs/guides/rate-limits


6.5 Cluster Shapley Implementation

For the implementation of our proposed Cluster Shapley, as described in Algorithm 1, we use OpenAI’s

text-embedding-3-large model to generate documents’ embeddings and then calculate the distance

matrix, which is used for clustering.

In Step 1, we leverage Algorithm 2 for clustering. We explore a range of clustering control hyperparameter

ϵ values from 0.01 to 1.00 (in increments of 0.025) and set the minimum number of reviews per cluster

to 1, allowing individual reviews to form separate clusters if necessary. The computational cost of our

proposed adaptive clustering algorithm is relatively low in our setting, requiring only nanoseconds per

iteration, compared to the several seconds needed for LLM summarization and evaluation. We provide more

empirical details for this computational efficiency in Web Appendix E.1. For completeness, we also report

the performance of Cluster Shapley using the standard (non-adaptive) DBSCAN in Web Appendix E.4.

To illustrate the clustering process, Figure 7 presents the clustering results for a sample query using

two-dimensional OpenAI embeddings. In this instance, we set ϵ = 0.05, which yields six clusters. Increasing

ϵ results in fewer clusters, further reducing computational cost, but may introduce higher approximation error.

Even with six clusters, the computational complexity is significantly reduced—shrinking from 28 − 1 = 255

to 26 − 1 = 63, representing a fourfold improvement in efficiency.

In Step 2, after getting clusters of documents with similar sentiments, we use the exact Shapley value

calculations to determine each cluster’s value. The summarization and evaluation steps follow exactly the

same prompts as the one used in the exact Shapley calculation, as shown in Figure 5 and Figure 6 respectively,

except that we use clusters of documents as the input for summarization. It’s worth noting that in Step 2,

any Shapley value algorithm can be used. In cases with very large datasets or numerous clusters, one might

employ approximation algorithms, such as Monte Carlo, to reduce the computation cost. However, due to the

manageable number of document clusters in our setting, we just use the exact Shapley value calculation as

outlined in §4.

Last, we distribute these values of clusters equally back to the individual documents within the clusters.

As shown in the example in Figure 7, documents within the same cluster demonstrate similar exact Shapley

values, and our Cluster Shapley approximation achieves high accuracy. For instance, Cluster 1 (Shapley

value 0.58) contains two reviews with exact Shapley values of 0.59 and 0.53; Cluster 5 (Shapley value 1.53)

includes reviews with exact values of 1.44 and 1.61. The mean absolute error (MAE) between the exact

and approximated Shapley values across all reviews in this example is just 0.04, demonstrating that our

clustering approach successfully groups documents with similar marginal contributions. This empirically

validates our theoretical intuition that semantically similar documents tend to have comparable impacts on

summarization quality, making cluster-based approximation both computationally efficient and accurate for

practical applications.

7 Results

In this section, we present the results of applying our Cluster Shapley algorithm to the Amazon review setting.

In §7.1, we first discuss a set of alternative Shapley approximation algorithms that can serve as a benchmark
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Figure 7: Clustering of Top 8 relevant Amazon reviews for the query “How is the quality of the wireless controller?”

for our proposed algorithm. Then, in §7.2, we present the numerical results from our approach and present

comparisons to the other benchmark algorithms.

7.1 Benchmark Algorithms

We now briefly summarize three widely-used Shapley value approximation algorithms, that serve as bench-

marks against which we compare the performance of our proposed algorithm.

• Monte Carlo: The Monte Carlo algorithm (or permutation sampling) is a widely adopted approach for

approximating Shapley values (Mann and Shapley, 1960). This method randomly samples permutations

from the |Sq|! possible combinations of documents (see Equation (6)) and then for each document i and

one permutation P π
i , calculate its marginal contribution, i.e., v(q,A(q, P π

i ∪{i}))−v(q, A(q, P π
i )). Last,

the Shapley can be approximated using the sample average of marginal contributions over all sampled

permutations. As the number of permutation samples increases, the approximation error decreases, but the

34



computational cost grows linearly. In our numerical experiments, we progressively increase the number

of permutations to show the trade-off between accuracy and efficiency.

• Truncated Monte Carlo: The Truncated Monte Carlo algorithm accelerates Shapley value calculation

by adaptively reducing the number of evaluated samples. This method operates under the idea that the

score function is non-decreasing, i.e., v(q, A(q, S1 ∪ {i})) − v(q,A(q, S1)) ≤ v(q, A(q, S2 ∪ {i})) −
v(q, A(q, S2)) if S2 ⊆ S1, meaning the marginal contribution of document i decreases when more

documents come into the permutation. This is because with a larger set of permutation, document i has

higher overlapped information, reducing its marginal contribution.

We briefly summarize the algorithm here, while referring to Ghorbani and Zou (2019) for full details. This

algorithm randomly samples a permutation of reviews and sequentially calculates performance scores, v,

by adding reviews in the permutation order. Since these scores are increasing, the algorithm truncates the

computation by assigning zero marginal contributions to the remaining reviews when the gap between

the current score and the maximum score (10 in our setting) is smaller than a pre-specified threshold,

called performance tolerance. It basically means that when adding the remaining reviews, their marginal

contributions are always smaller than this threshold. Thus, this algorithm simply assigns zero marginal

contribution instead of calculating the negligible marginal value. This performance tolerance parameter,

which controls the allowable change in Shapley values before truncation occurs, is tested across multiple

values {0.1, 0.2, 0.3, 0.5, 0.7, 1, 2, 3}. For our experiments, we use 0.5, as smaller values reduce

the effectiveness of truncation, making Truncated Monte Carlo behave similarly to the standard Monte

Carlo method, while larger values cause premature truncation that compromises estimation accuracy. In

our numerical experiments, we also test progressively larger numbers of permutations for comparison,

although different stopping or convergence criteria can be used in practice.

• Kernel SHAP: Kernel SHAP is a model-agnostic approach to approximating Shapley values based on

weighted least squares regression (Lundberg and Lee, 2017). Our implementation uses Python’s SHAP

package, which we adapt specifically for our LLM-based summarization task by implementing a custom

mapping function between subset compositions and their corresponding summarization scores. The

method employs the KernelExplainer with an identity link function and L1 regularization to enhance

numerical stability. We tested increasing numbers of samples to evaluate the performance of the method in

different computational budgets. Kernel SHAP has been widely used across domains, including NLP for

transformer-based model interpretation (Kokalj et al., 2021), finance for credit risk analysis (Famà et al.,

2024), healthcare for clinical decision support (Li et al., 2022), and marketing for optimizing content

engagement (Kong et al., 2023). These applications highlight its adaptability in explaining complex

models.

7.2 Numerical Results

Our numerical experiments include 48 test queries, designed as described in §5. Each query comprises

the eight most relevant reviews selected from the Amazon review dataset, forming the foundation for our

comparative analysis of various Shapley value approximation algorithms.
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To establish a stable evaluation baseline and reduce variance introduced by the summarization and

evaluation steps, we standardize the process as follows: for each query, we generate a single summary for

each subset (from all 255 possible subsets) and fix the evaluation score for each summary by averaging 4

evaluations, as detailed in §6. By fixing sample paths, we mitigate the inherent randomness in LLM outputs,

ensuring consistent baseline measurements across different approximation methods.

We visualize the performance of different Shapley value approximation methods in Figure 8. The Y-axis

represents the Mean Absolute Error (MAE) of the Shapley values, averaged across all test instances and

reviews, which serves as a measure of the approximation error for each algorithm. Results for additional

performance metrics, including Mean Squared Error (MSE), and Mean Absolute Percentage Error (MAPE),

exhibit similar trends and can be found in Web Appendix E.3. The X-axis represents the number of unique

subsets/samples used by the algorithms. Here, a “unique subset” refers to a distinct (non-replicated) subset of

reviews used in the algorithm. For Cluster Shapley, this number represents the distinct subset combinations

that emerge after clustering, where each cluster is treated as a new meta-review. For Monte Carlo and

Truncated Monte Carlo, while these methods theoretically sample from all possible permutations, we count

only the unique subsets encountered during sampling to ensure fair computational comparison. For example,

if the same subset appears in multiple permutations, we only evaluate it once and cache its result for reuse. For

Kernel SHAP, we similarly track unique coalition combinations that require actual LLM evaluation rather than

the total number of samples used in the weighted regression. While algorithms like Monte Carlo, Truncated

Monte Carlo, and Kernel SHAP, allow replicated subsets/samples, we can just store computed values of

summarizations with negligible cost to avoid redundant computations, ensuring that the actual computation

cost scales linearly with the number of unique subsets. Thus, this figure highlights the cost-effectiveness

of the various algorithms, where cost is represented by the X-axis and effectiveness by the Y-axis, clearly

comparing their performance relative to computational effort.

Figure 8’s X-axis extends to 180 rather than 255 (the total possible subsets) for two key reasons tied

to algorithmic characteristics. For Truncated Monte Carlo, this limitation emerges from its early stopping

mechanism. While we could theoretically force the algorithm to evaluate more subsets by setting an extremely

small performance tolerance threshold, doing so would effectively eliminate the key advantage of Truncated

Monte Carlo over standard Monte Carlo sampling. For Cluster Shapley, even with very small ϵ values, the

algorithm naturally forms clusters due to inherent similarities in review content. For instance, commonly

occurring enthusiastic reviews like “the product is awesome, I love it” or similar short positive expressions

tend to form semantic clusters regardless of ϵ settings. In our experiments with the Amazon review dataset, as

we decreased ϵ to extremely small values (ϵ < 0.01), we observed that the algorithm consistently converged

to around 180 unique subsets. This natural boundary in our experimental results suggests that comparing

performance up to 255 subsets would not be meaningful, as none of the clustering configurations in our tests

reached this number.

Next, we compare and discuss the performance of different algorithms. First, Cluster Shapley achieves

the best performance because the responding curve is below all other curves, as evidenced in Figure 8. It
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Figure 8: Performance of Shapley value approximation methods. The Y-axis represents the Mean Absolute Error (MAE) of the
Shapley values, averaged across all test instances and reviews, while the X-axis represents the number of unique subsets or samples
used by the algorithms. The points on the Cluster Shapley curve correspond to different epsilon settings. For reference of how large
the MAE is, the average Shapley value over all test samples is 1.084, indicating 0.2 MAE is around 20% percentage error. 95% CIs
for Monte Carlo, Truncated Monte Carlo, and Kernel SHAP are computed through 10 replications of the algorithms.

means that Cluster Shapley has smaller approximation errors than other methods under the same computation

cost/time, or Cluster Shaply requires the least computation time to achieve the same accuracy. The Truncated

Monte Carlo performs the second best because it leverages the bounded performance score for early stopping.

Second, this superior performance is particularly pronounced in the early phase of computation, where

Cluster Shapley achieves an MAE of around 0.2 while other algorithms exhibit significantly higher approxi-

mation errors (MAE > 0.4). This efficiency stems from clustering’s ability to capture fundamental similarity

patterns among reviews, even with relatively few clusters, effectively reducing the dimensionality of the

approximation problem. However, as the number of evaluated subsets increases (the number of clusters

increases), the relative advantage gradually diminishes. When using a large number of subsets (more than

150), the advantage of Cluster Shapley becomes marginal. This is because setting ϵ too small results in an

excessive number of clusters, eventually leading to some clusters containing only one review. In these cases,

those single-review clusters no longer benefit from the similarity-based dimensionality reduction, thereby

reducing the overall advantage of the clustering approach.

Third, all algorithms exhibit decreasing MAE as the number of unique subsets increases, aligning with

theoretical expectations. Monte Carlo and Truncated Monte Carlo show substantial fluctuations and larger

confidence intervals in their error curves due to their inherent sampling randomness. In contrast, Cluster

Shapley demonstrates significantly more stable and deterministic performance throughout the computation
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range, though it exhibits a plateau when starting with larger ϵ values (fewer clusters). During this plateau

phase, while the clustering structure effectively captures essential similarity patterns, it lacks the granularity

to perform more fine-grained groupings. As ϵ decreases, the clustering becomes more refined, enabling the

detection of more subtle similarity relationships and leading to a steadily decreasing trend in MAE before

eventually reaching the diminishing returns phase discussed above.

Clustering Parameter (ϵ) MAE RMSE MAPE Reduction Percentage

0.01 0.0381 0.0461 7.47% 23.01%
0.10 0.0507 0.0604 8.62% 26.67%
0.20 0.0913 0.1110 11.85% 40.00%
0.30 0.1617 0.1957 17.16% 62.39%
0.40 0.1972 0.2404 21.35% 73.61%
0.50 0.1908 0.2417 21.05% 81.52%
0.60 0.2152 0.2691 24.43% 91.62%
0.70 0.2305 0.2879 26.49% 98.63%
0.80 0.2259 0.2821 26.33% 99.13%

Table 3: Approximation error and computation time reduction of Cluster Shapley under varying ϵ. Com-
putational savings are calculated based on the percentage reduction in required unique subset evaluations
compared to the exact Shapley calculation. Note that we add a small constant (0.1, approximately 10%
of the mean Shapley value) to all values to address the limitation of MAPE with near-zero values while
minimizing the distortion of the original value relationships.

To further analyze Cluster Shapley, we examine its computational efficiency trade-offs, as detailed in

Table 3. The exact Shapley calculation requires evaluating all 255 possible unique subsets, with each subset

evaluation taking an average of 3.53 seconds, resulting in a total computation time of approximately 15

minutes per query. While processing clustered reviews introduces slightly more tokens compared to individual

reviews, this marginal increase in token count results in minimal variation from the average computation time

per evaluation. The primary computational cost comes from the number of subset evaluations required. The

table demonstrates that increasing the clustering parameter ϵ leads to greater computational savings but at the

cost of accuracy. Notably, at ϵ = 0.20, the algorithm achieves a 40% reduction in computation time while

maintaining reasonable accuracy with an MAE of 0.0913 and MAPE of 11.85%. This represents an attractive

balance point between efficiency and accuracy.

A key advantage of our proposed algorithm, Cluster Shapley, is its ability to leverage semantic similarity

in LLM embeddings of reviews/documents. Unlike other approximation methods, such as Monte Carlo,

Truncated Monte Carlo, and Kernel SHAP, which rely on random sampling without utilizing intrinsic

semantic properties, Cluster Shapley exploits the semantic similarities encoded in embeddings. By clustering

documents based on semantic similarity, our approach achieves more accurate and computationally efficient

Shapley value approximations, underscoring the importance of intrinsic semantic information in document

valuation. This demonstrates the power of advanced textual representations from LLMs in enhancing

document valuation frameworks.
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8 Conclusion

In this paper, we introduce a novel framework for document valuation in LLM-generated summaries using

Shapley values, providing a systematic and transparent approach to quantifying the document contribution.

To address the computational challenges of exact Shapley value calculations, we propose the Cluster Shapley

algorithm, which leverages embedding similarity to significantly reduce computation time while maintaining

accuracy. Our method outperforms several benchmarks in efficiency and scalability, demonstrating its

practical applicability to LLM-based systems. This work represents the first application of Shapley values for

source attribution in LLM summaries, laying the foundation for fair and efficient document valuation across

various AI-driven applications.
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Web Appendix
A Prompt Designs

You are tasked with generating a high-quality summary based on user comments. Follow
these steps to ensure that your summary is accurate, relevant, and well-structured.

1. Carefully Analyze the Comments:
- Read through all the comments provided in the context.
- Identify the key points that are related to the topic ’{original_query}’.

2. Select Relevant Information:
- Only include information in your summary that is relevant to the topic

’{original_query}’.
- For comments marked as "not relevant", simply state "[X] is not related to the

query." Replace ’[X]’ with the corresponding comment number.

3. Construct a Coherent Summary:
- Use an unbiased and journalistic tone in your summary.
- Ensure that the summary is medium to long in length and that it covers the key

points effectively.

4. Cite the Source of Information:
- For each part of the summary, include a citation in the form ’[NUMBER]’, where

’NUMBER’ corresponds to the comment’s index.
- Start numbering from ’0’ and continue sequentially, making sure not to skip any

numbers.
- The citation should be placed at the end of the sentence or clause that it

supports.
- If a sentence in your summary is derived from multiple comments, cite each

relevant comment, e.g., ’[0][1]’.

5. Final Review:
- Double-check your citations to ensure they accurately correspond to the comments

used.
- Make sure that every sentence in the summary is cited and that irrelevant

comments are correctly identified and excluded after the initial irrelevant
statement.

- Make sure every comment is cited. For example, if comment [0], [1], and [2] are
all not related to the topic, then just summarize: ’[0] is not related to the
query. [1] is not related to the query. [2] is not related to the query.’ If
comment [0] is relevant, while [1], [2], and [3] are irrelevant, then summarize
like this: provide a summary of [0], and then state ’[1] is not related to the
query. [2] is not related to the query. [3] is not related to the query.’ Do
not miss any comment even though they are irrelevant.

- Ensure that your response is structured in JSON format with the following fields:
- "key": A string that represents the indices of the comments used to generate

this summary, e.g., "012" for comments 0, 1, and 2.
- "summary": The final generated summary text, with citations included.

6. Key Reminders:
- Do not include any irrelevant information in your summary. If a comment is not

related to the topic, state it as described and move on.
- Ensure that your summary is comprehensive, accurate, and clearly tied to the

topic ’{original_query}’.
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Figure A1: Complete Summarization Prompt Design

You are an AI model trained to evaluate summaries. Below, you will find several
summaries identified by their labels. Your task is to rate each summary on one
metric. Please make sure you read and understand every single word of these
instructions.

Evaluation Criteria:
Information Coverage MUST be an integer from 0 to 10 - How well the summary captures

and clearly describes one or several key characteristics of the product. A
high-quality summary should convey the important features, benefits, or drawbacks
of the product as highlighted in the reviews. It should provide a rich and
accurate depiction of key points.

Pay attention: The most important consideration is how effectively the summary
communicates the product’s key characteristics. The clearer and more richly it
conveys these characteristics, the higher the score. If it fails to adequately
describe the product’s features, it should receive a low score.

Evaluation Steps:
1. Read all summaries provided and compare them carefully. Ensure the summary clearly

and richly describes the key points relevant to the product without including
irrelevant information.

2. Identify any important details or characteristics of the product that are missing
from the summary.

3. Rate each of the summary based on how well it covers and conveys the important
information from the reviews. The MORE comprehensively the summary covers the
relevant information, the HIGHER the score it should receive. Pay attention: The
primary focus should be on the topic {original_query}. If the summary deviates
from the topic, it should receive a low score, regardless of the amount of
information it contains.

4. If a summary contains only the sentence "[X] is not related to the query." where X
is a number, then give it a score of 1. However, if the summary contains other
content besides this sentence, just ignore it when scoring.

Your response should be in JSON format, with an array of objects. Each object should
have two properties:

1. "key": The key of the summary (e.g., "0", "1", "01", etc.)
2. "score": The score for that summary (an integer from 1 to 10)

Figure A2: Complete Evaluation Prompt Design

B Temperature Impact Analysis on Summarization and Evaluation
To systematically analyze the impact of temperature settings on LLM outputs in our framework, we conducted
two parallel experiments examining both the summarization and evaluation processes. Both experiments
followed a consistent experimental design: we selected five distinct datasets from Amazon product reviews,
each containing five representative reviews. For each dataset and temperature combination (0.0, 0.1, 0.5, and
1.0), we performed 10 repeated trials to ensure statistical robustness. This experimental framework allows
us to systematically evaluate how different temperature settings affect both the consistency of generated
summaries (Appendix B.1) and evaluation scores (Appendix B.2), two critical components in our Shapley
value calculation pipeline.
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(b) Impact of Temperature on Lexical Diversity

Figure A3: Analysis of Temperature’s Impact on Summary Generation. (a) Cosine similarity of embeddings measures semantic
consistency, where higher values indicate stronger preservation of meaning across generated summaries. (b) TF-IDF similarity
reflects lexical choice patterns, where lower values indicate more diverse vocabulary usage in the generated text, demonstrating the
trade-off between consistency and diversity at different temperatures.

B.1 Temperature Impact on Summary Generation Consistency

In this experiment, we evaluated two aspects of summary generation consistency. First, we assessed semantic
consistency through embedding-based cosine similarity, which measures the degree to which different
generations preserve the same underlying meaning regardless of specific word choices. Second, we examined
lexical diversity using TF-IDF similarity measures, which quantify the variation in vocabulary and phrasing
across multiple generations of the same summary. These two metrics together provide a comprehensive view
of generation stability for different temperature settings: while semantic consistency measures reliability in
meaning preservation, lexical diversity reflects the model’s flexibility in expression. Figure A3 visualizes the
relationship between temperature settings and these metrics, and Table A1 presents the detailed statistical
results across all temperature configurations.

The semantic consistency analysis (Figure A3a) reveals several key insights. Even at temperature
0.0, where theoretically deterministic behavior is expected, the model exhibits slight variations in output
(mean cosine similarity = 0.9820, std = 0.0217), confirming the presence of hardware-level computational
variability. As temperature increases, we observe a systematic decrease in semantic consistency, with mean
similarities of 0.9576 (temp = 0.1), 0.8545 (temp = 0.5), and 0.7339 (temp = 1.0). While the decline in
semantic consistency from temperature 0.0 to 0.1 is modest (approximately 2.5%), this minor trade-off
shows significant improvements in lexical diversity, as demonstrated in the TF-IDF analysis (Figure A3b).
Specifically, when transitioning from temperature 0.0 to 0.1, we observe a beneficial decrease in TF-IDF
similarity from 0.9102 to 0.7244, indicating substantially more diverse vocabulary usage while maintaining
semantic integrity. This optimal balance point at temperature 0.1 enables richer and more nuanced expression
through varied word choices, while preserving the essential meaning of the content with high semantic
consistency.

However, at higher temperatures, both metrics indicate potential instability in the generation process.
The substantial increase in semantic standard deviation (from 0.0217 at temp = 0.0 to 0.1696 at temp = 1.0)
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Temperature
Cosine Similarity TF-IDF Similarity

Mean Std Mean Std

0.0 0.9820 0.0217 0.9102 0.0992
0.1 0.9576 0.0219 0.7244 0.0991
0.5 0.8545 0.1370 0.5013 0.0966
1.0 0.7339 0.1696 0.3845 0.0818

Table A1: Statistical analysis of semantic consistency and lexical diversity across different temperature settings.

suggests increasingly unpredictable semantic variations, while the further decrease in TF-IDF similarity
(0.5013 at temp = 0.5 and 0.3845 at temp = 1.0) indicates excessive vocabulary variation. These patterns at
higher temperatures could potentially compromise both semantic reliability and textual coherence, reinforcing
our choice of temperature 0.1 as the optimal setting for balancing semantic preservation with expressive
diversity.

These empirical findings present two critical insights for our experimental design. First, even at tem-
perature 0.0, where theoretically deterministic behavior is expected, the model exhibits inherent output
variability (mean cosine similarity = 0.9820), indicating that perfect determinism remains unachievable due
to hardware-level computational variations. Second, given this inherent variability, the optimal strategy is to
balance output consistency with expression richness. Our analysis demonstrates that temperature 0.1 achieves
this balance effectively: while it shows only a minimal decrease in semantic consistency from temperature 0.0
(0.9576 vs 0.9820), it enables substantially greater lexical diversity (0.7244 vs 0.9102). This configuration
thus maintains reliable meaning preservation while allowing for more natural and varied language expression,
making it ideal for our summarization tasks.

B.2 Temperature Impact on Summary Evaluation Consistency

Following the same experimental setup as our summarization analysis, we further investigated the impact of
temperature on evaluation consistency. To isolate the evaluation process variance, we fixed the generated
summaries and conducted repeated evaluations across different temperature settings, maintaining consistency
with our experimental design in §C.2. Figure A4 presents our findings: even with temperature set to 0 and
using identical input summaries, we observed persistent variations in evaluation scores. This observation
aligns with our previous discussion in §6 regarding hardware-level computational variability and extends its
implications to the evaluation process.

The variance analysis reveals that while temperature 0.0 shows the lowest initial variance, it still exhibits
noticeable variations in evaluation scores. Increasing the number of evaluation rounds helps reduce this
variance, but does not eliminate it completely. Temperature 0.1 demonstrates a similar pattern of variance
reduction with increased evaluation rounds, eventually achieving comparable stability to temperature 0.0.
This suggests that the slight increase in temperature does not significantly compromise evaluation reliability
for our specific task of assigning scores on a 1-10 scale. Therefore, we adopt temperature 0.1 for evaluation
to maintain consistency with our summarization process.

In contrast, higher temperatures (0.5 and 1.0) show substantially larger variances that persist even with
multiple evaluation rounds, indicating potential reliability issues for evaluation tasks. These findings reinforce
our choice of temperature 0.1 for the evaluation process, as it maintains evaluation stability while avoiding the
overly rigid scoring patterns observed at temperature 0.0 and the excessive variability at higher temperatures.
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Figure A4: Impact of Temperature on Shapley Value Variance

C Variance Analysis of Shapley Value
Unlike typical Shapley values in traditional game theory applications, document valuation in supervised ML
tasks and feature importance (as introduced in §4.1) is generally deterministic. In our LLM setting, however,
the Shapley value is inherently random due to the variability in both the summarization and evaluation
processes when using LLMs. As discussed, even with the temperature of GPT models set to 0, some degree
of randomness remains in the output.

While achieving perfect determinism in LLM outputs is fundamentally challenging due to hardware-level
computational variations (as discussed in §6), one can approach near-deterministic behavior through several
technical strategies: (1) deploying models locally with controlled environments where random seeds and
computational workflows are strictly regulated, including the use of high-precision floating-point operations
(float64) to minimize rounding errors; (2) implementing constrained decoding strategies by combining
nucleus sampling (top-p = 1.0) with top-k filtering (k = 1) to consistently select the highest probability token;
and (3) applying specialized quantization techniques to minimize hardware-induced variations. Note that in
the following analysis – the variance induced by both the summarization process A(S) and the evaluation
process v(A(S)), we omit the notation q in functions for simplicity, as q is fixed and its omission does not
introduce ambiguity.

Formally, we can write down the random summarization and evaluation process as:

v(A(S)) = µ(A(S)) + ε, (A1)

where ε is white noise in the evaluation process, and µ(A(S)) represents the expected performance score
of the summarization A(S). Note that A(S) is a random event rather than a random variable, as the LLM
may generate different summaries even under the same set of reviews S due to intrinsic randomness in GPT
responses. This formula reflects that the randomness in the observed evaluation score v(A(S)) originates
from two sources: the randomness in A and the evaluation noise.

We assume that the random summarizations {A(S)}S⊆D are mutually independent. Given this assump-
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tion and independent white noise, and based on the Shapley formula (5)—which is essentially a linear
combination of v—the variance in Shapley can be expressed as the sum of the variances of v. Thus, in the
following, we focus on analyzing the variance of v(A(S)):

Var(v(A(S))) = E[v(A(S))2]− (E[v(A(S))])2 .

Substituting Equation (A1) into the above variance expression yields:

Var(v(A(S))) = EA,ε

[
(µ(A(S)) + ε)2

]
− (EA,ε[µ(A(S)) + ε])2 .

Expanding the squared terms and leveraging the linearity of expectation, we can get:

Var(v(A(S))) = EA[µ(A(S))
2] + 2EA,ε[µ(A(S))ε] + Eε[ε

2]− (EA[µ(A(S))] + Eε[ε])
2 .

Given that ε is independent of µ(A(S)) and has zero mean, we have E[µ(A(S))ε] = E[µ(A(S))]E[ε] = 0
and E[ε] = 0. Therefore, the expression simplifies to:

Var(v(A(S))) = E[µ(A(S))2] + E[ε2]− (E[µ(A(S))])2 .

Recognizing that Var(µ(A(S))) = E[µ(A(S))2]− (E[µ(A(S))])2 and Var(ε) = E[ε2], we can rewrite
the variance of v(A(S)) as:

Var(v(A(S))) = Var(µ(A(S))) + Var(ε). (A2)

This result demonstrates that the total variance of the evaluation score v(A(S)) is the sum of the
variance due to the summarization process Var(µ(A(S))) and the variance due to the evaluation noise Var(ε).
Essentially, the observed v(A(S)) is noisy, and we can reduce this noise by averaging scores from multiple
summarization and/or evaluation processes.

C.1 Experimental Analysis and Results

To validate this variance decomposition and gauge the magnitudes of these variances, we conduct an
experiment to quantify the variance contributions from both the summarization and evaluation stages.

We select five distinct datasets from Amazon product reviews, each containing five reviews. For each
dataset, we apply the Shapley value calculation across different subsets of reviews to explore how the
summarization and evaluation processes contribute to the overall variance. The experimental process involves
generating three summarizations for each subset, followed by three evaluation rounds for each summarization.
This approach allows us to measure both the variance in summarizations and the evaluation noise.

The empirical variance for each subset is computed in three ways:

• Total Variance Var(v(A(S))) — This variance represents the overall variability of the evaluation
scores for a given subset, considering all summarization and evaluation rounds. For each subset
of reviews, we generate multiple summarizations and perform several evaluation rounds for each
summarization. The total variance is calculated as the variance of all the evaluation scores across these
rounds, capturing the combined effects of both summarization and evaluation.

• Evaluation Variance Var(ε) — This variance isolates the variability introduced during the evaluation
process. For each summarization, we evaluate the subset multiple times. The evaluation noise variance
is computed as the average variance of the scores within each summarization round, reflecting the
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inconsistency of GPT-based evaluations across the same summary. In other words, it measures how
much the scores fluctuate due to noise in the evaluation model rather than changes in the summaries
themselves.

• Summarization Variance Var(µ(A(S))) — This variance reflects the variability introduced during
the summarization process. After generating multiple summaries for each subset, we compute the
mean evaluation score for each summary. The summarization process variance is then calculated as the
variance of these mean evaluation scores across different summarizations. This captures how much
the content of the summaries themselves contributes to the overall variability in evaluation scores,
independent of the evaluation noise.

The results of this experiment, presented in Table A2, compare the total variance, evaluation noise variance,
and summarization process variance for each subset. Consistent with the variance decomposition analysis,
the total variance equals the sum of the variances from both the evaluation noise and the summarization
process. On average, the summarization process variance accounts for approximately 53.08% of the total
variance, while evaluation noise contributes around 46.92%.

C.2 Variance Reduction by Multiple Evaluations in Shapley

The variance decomposition shown in Equation (A2) provides a foundation for understanding how variance
arises in our system, guiding our approach to measuring and managing variance when calculating the Shapley
value. Specifically, we generate multiple instances of the summarization A(S) and take the average score
across these summaries to reduce variance introduced by A, and/or evaluate each summary multiple times
to obtain an averaged score across evaluations, thereby reducing variance introduced by ε. We now aim to
reduce the variance when calculating the Shapley value using the first strategy.

To determine the most cost-effective number of evaluations needed to minimize variance in the Shapley
value, we conduct an experiment assessing how increasing the evaluation count impacts Shapley value
variance. Using five distinct datasets, each containing five reviews, we fix the summarization to isolate
variance attributable to the evaluation process. Shapley value variance is calculated from 10 replications. We
conduct the experiments across different numbers of evaluation times ranging from 1 to 8. This approach
allows us to analyze how increasing the number of evaluations improves Shapley value consistency and helps
identify a balance between computational efficiency and variance reduction.

The results shown in Figure A5 indicate a diminishing variance trend as the evaluation times increase.
The most significant variance reduction occurs between one and four evaluations, with the average variance
dropping from around 0.25 to 0.05. Beyond four evaluations, the reduction becomes minimal, suggesting that
taking an average of four evaluations strikes an effective balance between computational cost and variance
reduction.

C.3 Cost-Effectiveness Analysis

In the previous part, we reduce the variance in Shapley values by averaging multiple evaluations with a single
summarization. Now, we test variance under configurations of multiple evaluations, as well as summarization.
Building on our earlier discussion of variance reduction through increased evaluation counts, we extend
a similar analysis to examine the trade-off between computational cost in calculating Shapley values and
performance regarding variance. This cost-effectiveness analysis aims to identify an optimal configuration
that minimizes variance while keeping computational costs manageable.

Specifically, we conduct experiments using a single query, “the delivery speed of the card,” with four
selected reviews. For each combination of summarization counts (ranging from 1 to 4) and evaluation counts
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Subset S Total Variance Evaluation Variance Summarization Variance

{1} 0.3729 0.0741 0.2988
{2} 0.2654 0.0741 0.1914
{3} 0.1173 0.0741 0.0432
{4} 0.1358 0.0371 0.0988
{5} 0.3642 0.1667 0.1975
{1, 2} 0.3519 0.0926 0.2593
{1, 3} 0.3933 0.1111 0.2822
{1, 4} 0.2037 0.0371 0.1667
{1, 5} 0.1975 0.1482 0.0494
{2, 3} 0.1543 0.0741 0.0802
{2, 4} 0.1605 0.0741 0.0864
{2, 5} 0.2099 0.1296 0.0802
{3, 4} 0.1975 0.0926 0.1049
{3, 5} 0.2778 0.1482 0.1296
{4, 5} 0.2778 0.1482 0.1296
{1, 2, 3} 0.2469 0.1111 0.1358
{1, 2, 4} 0.2963 0.1111 0.1852
{1, 2, 5} 0.2099 0.1482 0.0617
{1, 3, 4} 0.1790 0.1111 0.0679
{1, 3, 5} 0.2654 0.1667 0.0988
{1, 4, 5} 0.3599 0.1852 0.1747
{2, 3, 4} 0.1481 0.0926 0.0556
{2, 3, 5} 0.2160 0.1667 0.0494
{2, 4, 5} 0.2346 0.2037 0.0309
{3, 4, 5} 0.2778 0.1914 0.0864
{1, 2, 3, 4} 0.2407 0.0556 0.1852
{1, 2, 3, 5} 0.2346 0.0741 0.1605
{1, 2, 4, 5} 0.2716 0.1482 0.1235
{1, 3, 4, 5} 0.2407 0.1296 0.1111
{2, 3, 4, 5} 0.3086 0.0741 0.2346
{1, 2, 3, 4, 5} 0.0432 0.0185 0.0247

Overall Average 0.2457 0.1153 0.1304

Table A2: Performance score variance for different subsets. There are a total of 25 − 1 = 31 different subsets.

(also from 1 to 4), we repeat the process six times to calculate the variance in Shapley value. We measure
computational cost regarding the total computation time required for each configuration.

The results are displayed in Figure A6. We can observe that increasing both the summarization and
evaluation counts reduces the average variance of the Shapley values. Notably, the most significant decrease
in variance occurs when moving from lower to moderate counts of summarizations and evaluations. For
example, increasing the evaluation count from 1 to 3 while keeping the summarization count at 1 reduces the
average variance from approximately 0.1579 to 0.0788. Similarly, increasing the summarization count from 1
to 2 with an evaluation count of 2 decreases the average variance from approximately 0.1508 to 0.0322.
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Figure A5: Impact of Evaluation Count on Shapley Value Variance

However, the rate of variance reduction diminishes with higher counts. Beyond certain thresholds,
additional reductions in variance become marginal. For instance, increasing the evaluation count from 3 to 4
with a summarization count of 1 results in a variance reduction of only about 0.0172, from 0.0788 to 0.0616.
These findings indicate a trend of diminishing returns, suggesting that conducting more than three evaluations
or more than two summarizations provides limited benefits in terms of variance reduction.

The computational cost increases proportionally with the number of summarizations and evaluations. For
example, computation time rises from approximately 54 seconds for a configuration with 1 summarization
and 1 evaluation to about 295 seconds for a configuration with 4 summarizations and 4 evaluations. This
proportional increase underscores the importance of balancing variance reduction against computational
resources.

Considering practical applications where computational resources and time are constrained, selecting
a configuration that optimally balances variance reduction and computation time is essential. Based on
our findings, configurations with 1 summarization and 3 or 4 evaluations, or with 2 summarizations and
2 evaluations, achieve substantial variance reduction while maintaining reasonable computation times.
For instance, a configuration with 1 summarization and 3 evaluations results in an average variance of
approximately 0.0788 with a computation time of about 59 seconds. Increasing to 1 summarization and 4
evaluations further reduces the variance to approximately 0.0616 with a modest increase in computation
time to about 64 seconds. Similarly, using 2 summarizations and 2 evaluations yields an average variance of
approximately 0.0322 with a computation time of about 114 seconds.

In conclusion, the cost-performance analysis indicates that while increasing the number of summarizations
and evaluations can effectively reduce the variance in Shapley value calculations, the benefits taper off beyond
certain points. To balance accuracy and computational efficiency, we recommend using a summarization
count of 1 with 3 or 4 evaluations, or a summarization count of 2 with 2 evaluations. These configurations
sufficiently minimize variance while keeping computation times within practical limits, thereby enhancing
the robustness and reliability of the Shapley value estimates without incurring excessive computational costs.
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Figure A6: Cost-Effectiveness Analysis: This figure shows the relationship between response time (in seconds) and average Shapley
value variance across different summarization and evaluation configurations. Each labeled point represents a configuration, with the
first number indicating the number of summarizations and the second the number of evaluations. Point size reflects the number of
evaluation steps, while color and shape represent the summarization count.

D Evaluation Model Robustness Analysis
To validate the robustness of our evaluation framework, we conducted an additional set of experiments using
Claude-3.5-Sonnet as an alternative evaluation model to compare against the results obtained with GPT-4o.
The objective of this analysis was to examine whether the evaluation outcomes remain consistent across
different LLMs and thereby assess the generalizability of the proposed framework.

For each summary, we performed four independent evaluations using both GPT-4o(0806) and Claude-
3.5-Sonnet(20241022), and the final score was calculated as the average of these four evaluations. To ensure
fair comparison, we maintained identical experimental conditions across both models. Both GPT-4o and
Claude-3.5-Sonnet were provided with the same prompts and instructed to evaluate summaries on a consistent
0-10 scale. We used a temperature setting of 0.1 for both models to balance output determinism with natural
language generation. This averaging process and controlled setup were introduced to mitigate the potential
variance caused by the inherent stochasticity of LLM outputs.

To quantify the alignment between the two models’ evaluations, we employed two complementary
metrics. The mean absolute difference (MAD) metric measures the magnitude of disagreement between the
scores assigned by Claude-3.5-Sonnet and GPT-4o, providing a direct measure of score consistency across
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models. We calculated MAD for both individual subset scores and final Shapley values to understand the
differences at both evaluation and attribution levels. Additionally, we used the Pearson correlation coefficient
to assess the consistency in relative rankings assigned by the two models, as this metric captures whether the
models agree on the comparative quality of summaries even if their absolute scores differ.

The results revealed a mean MAD of 0.812 and a median MAD of 0.573 for subset scores, suggesting
minor, yet expected, differences between Claude-3.5-Sonnet and GPT-4o. These differences are attributable to
the intrinsic randomness in LLM outputs, rather than systematic biases in evaluation. Despite these variations,
the correlation coefficient for subset scores demonstrated strong alignment, with a mean of 0.788 and a
median of 0.837. For Shapley values, the observed differences were notably smaller, with a mean MAD of
0.179 and a median MAD of 0.168. The Pearson correlation coefficient for Shapley values was substantially
higher, with a mean of 0.915 and a median of 0.936, indicating a very strong consistency between the two
models in evaluating contributions.

These results underscore the robustness of our evaluation framework. Although small differences
in absolute scores were observed, these differences are within the range expected from the stochastic
nature of LLMs and do not compromise the relative rankings and the computed Shapley values. The high
correlation coefficients across both subset scores and Shapley values suggest that our evaluation framework
is generalizable and reliable across different state-of-the-art LLMs, such as GPT-4o and Claude. This
consistency strengthens the validity of the proposed methodology and ensures its applicability to a broader
range of evaluation settings.

E Additional Numerical Results of Cluster Shapley Algorithm
E.1 Computation time of the Clustering Step

We first analyze our adaptive clustering process (i.e., Algorithm 2) using the same experimental setup as
our benchmark comparisons: 48 test queries, each evaluated under 41 different ϵ settings ranging from 0 to
1. The results demonstrate efficient convergence behavior, with 71.19% of cases converging immediately
without requiring iterations. When iterations are needed, the process requires an average of 1.8 iterations,
with a maximum of 19 iterations observed in extreme scenarios.

To precisely measure the computational cost of individual iterations, we conducted a separate timing
experiment using identical code implementation on an Intel i7-13900K processor. We performed 1,000,000
iterations and completed them within 1.5310−3 seconds, yielding an average time of 1.5310−9 seconds per
iteration. While we acknowledge that measurements at such small time scales can be subject to system-
level variations due to factors such as CPU scheduling, memory access patterns, and hardware-specific
optimizations, these results consistently demonstrate that the iteration overhead is orders of magnitude
smaller than the LLM operations in our proposed Cluster Shapley Algorithm Step 2 in §4.2, which require
approximately 3.5 seconds per subset evaluation. This substantial difference in time scales confirms that
the computational cost of our adaptive clustering approach remains negligible in the overall Shapley value
calculation pipeline.

E.2 Cluster Shapley Parameter Selection

Figure A7 demonstrates the relationship between approximation accuracy and computational cost across
different epsilon values in the Cluster Shapley algorithm. The epsilon parameter, ranging from 0.01 to 1.00,
critically influences both clustering granularity and computational efficiency. For reference, a complete
calculation without clustering requires evaluating all 255 possible unique subsets. As shown in the figure, the
relationship between the number of unique subsets evaluated and Mean Absolute Error (MAE) exhibits clear
patterns:
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Figure A7: Cost-Performance Analysis of Cluster Shapley Algorithm. The plot shows the relationship between the average number
of samples and the average MAE, with different epsilon values annotated. Points are colored according to their epsilon values,
revealing the trade-off between computational cost and approximation accuracy. A higher epsilon value corresponds to a less strict
similarity threshold in clustering, resulting in fewer clusters and, consequently, fewer required subsets but higher approximation
error. Conversely, a lower epsilon value enforces stricter similarity criteria, leading to finer clustering granularity and thus more
subsets, while achieving lower MAE.

At lower epsilon values (0.01-0.15), the algorithm maintains high accuracy (MAE ¡ 0.05) but requires
evaluating a large number of unique subsets (180-196 out of 255 possible subsets). This is attributed to the
formation of more granular clusters due to stricter similarity thresholds. As epsilon increases to the moderate
range (0.20-0.50), we observe a gradual trade-off between computational efficiency and accuracy, with the
number of required unique subsets reducing significantly while MAE increases moderately. Beyond epsilon
values of 0.50, the computational cost continues to decrease sharply, with fewer than 50 unique subsets
needed, but at the expense of rapidly deteriorating accuracy, with MAE exceeding 0.20.

This analysis quantifies the fundamental trade-off inherent in our clustering-based approach: epsilon
values effectively control the balance between computational efficiency and approximation accuracy. The
optimal choice of epsilon depends on specific application requirements, including computational constraints,
accuracy demands, and task characteristics. For applications demanding high precision, lower epsilon
(0.20-0.30) values are recommended, while scenarios prioritizing computational efficiency might benefit
from moderate epsilon values (0.40-0.75), offering a balanced trade-off between accuracy and cost.
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E.3 Numerical Results under MAPE and MSE Metrics

For completeness, we present the Cluster Shapley algorithm’s performance under MAPE and MSE metrics in
Figure A8. The X-axis represents the number of unique subsets or samples used by the algorithms, consistent
with Figure 8 in §??. The implementation details of all algorithms remain the same, with the only difference
being the Y-axis, which reflects the respective performance metrics.
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Figure A8: Performance evaluation of the Cluster Shapley algorithm under MAPE and MSE metrics as a complement to the MAE
results reported in Figure 8 in §??. The X-axis indicates the number of unique subsets or samples used by the algorithms, while the
Y-axis represents the respective performance metric.

E.4 Cluster Shapley using the Standard DBSCAN

For completeness, we also report the performance of the Cluster Shapley algorithm using the standard
DBSCAN rather than our proposed iterative DBSCAN in Figure A9. Unlike the iterative DBSCAN, the
standard DBSCAN does not guarantee that all pairs of documents in the same cluster have embeddings with
distances strictly smaller than ϵ as discussed in §4.2.

There are two key observations from the comparison. First, when using fewer unique subsets (correspond-
ing to larger epsilon values), standard DBSCAN shows slightly worse performance than our method. This
gap gradually narrows as more unique subsets are used. This pattern is particularly relevant to our objective:
we aim to reduce computation time while maintaining reasonable accuracy to make Shapley value calculation
feasible in real-world applications. The superior performance of our method in the computationally efficient
regime (fewer unique subsets) is therefore crucial for practical implementation.

Second, we observe that standard DBSCAN requires different ϵ values than our method to achieve the
same number of unique subsets. For instance, at around 20 unique subsets, our method uses ϵ = 0.60
while standard DBSCAN requires ϵ = 0.35; at 80 unique subsets, our method uses ϵ = 0.35 while standard
DBSCAN needs ϵ = 0.25; finally, both methods converge to ϵ = 0.20 at around 150 unique subsets. This
discrepancy arises from standard DBSCAN’s fundamental characteristics - it forms clusters based solely on
local density, without enforcing strict intra-cluster distance constraints. Consequently, it requires smaller
ϵ values to achieve the same level of clustering granularity as our method. This also explains why the
performance gap between the two methods narrows with more unique subsets: as ϵ decreases, both methods
naturally enforce stricter clustering criteria, leading to more similar cluster formations and, thus, more
comparable performance.

F Theoretical Analysis of Cluster Shapley Algorithm
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(a) MAPE Performance
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(b) MSE Performance
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Figure A9: Performance comparison for Cluster Shapley using the standard DBSCAN. The X-axis represents the number of unique
subsets or samples used by the algorithms.
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